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(%o15) [c2 > 4mr]
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Pour delta nul

(%i17) forget(facts());
assume(equal(c**2-4*m*r,0));
ode2(equation, y, x);

(%o17) [[c2 > 4mr]]

(%o18) [equal
(
c2, 4mr

)
]

(%o19) y = (%k2x+ %k1) e−
c x
2m +

4m

c2

Pour delta négatif

(%i20) forget(facts());
assume(c**2-4*m*r<0);
ode2(equation, y, x);

(%o20) [[equal
(
c2, 4mr

)
]]

(%o21) [4mr > c2]
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Chapitre 15

Séries de Fourier

Pour le paragraphe « Utilisation du package piecewise », il faut utiliser une bibliothèque, pour la
récupérer, cliquer deux fois sur le lien ci-contre : lien .

Enregistrez ce fichier dans le répertoire de votre choix et n’oubliez pas de donner le chemin complet
lors de l’utilisation :

load("C:/chemin-complet/pw.mac");

15.1 Définition de la fonction périodique

On suppose que l’on se donne une fonction périodique de période T , définie sur R et qu’une seule
expression est donnée sur l’intervalle [a; b] de longueur T . Pour les fonctions définies par morceaux
sur l’intervalle [a; b], le lecteur est renvoyé à la section sur le package piecewise. La notation g
désignera la fonction définie sur [a; b]. La notation f désignera la fonction définie sur R.

(%i1) a:-%pi;
b:%pi;
T:b-a;
%omega:2*%pi/T;
g(t):=t;
f(t):=g(t-(b-a)*floor((t-a)/(b-a)));

(%o1) − π

(%o2) π

(%o3) 2π

(%o4) 1

(%o5) g (t) := t

(%o6) f (t) := g

(
t− (b− a) floor

(
t− a
b− a

))
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/* Copyright (C) 2008-2011 by Richard V. Hennessy, rich.hennessy@verizon.net
 *
 * This file ("this code" or "software") is released under the terms of the GNU General Public License,
 * version 2.
 * The user of this code assumes all risk for its use. This software has NO WARRANTY,
 * not even the implied warranty of MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE.
 * This software is registered and copyrighted with www.copyright.gov.

-----------------------------------------------------------------------------------------------------------
 */

put('pw, 6.5, 'version);
put('pw, "Richard Hennessy", 'author);
put('pw, "rtest_pw.mac", 'test_suite);
put('pw, "Copyright - Richard Hennessy, 2008-2012", 'copyright);

pwinfo([_package]):=
block(
	disp("package name: pw.mac (c)"),
	disp("author: Richard V. Hennessy"),
	disp("revision: 6.5"),
	disp("Test suite : rtest_pw.mac"),
	disp("Recommended location: share/contrib"),
	disp("last update: June, 2012"),
	disp("")
)$

(
	load("opsubst"),
	load("unwind_protect"),
	load("simplifying.lisp"),
	load("abs_integrate.mac")
);


simp_given(__e, [__fcts]) ::=
buildq
  (
	[__e,__fcts], 
	block
	(
		[_fct, _otherfacts:facts()],
		unwind_protect
		(
			(
				apply(assume, __fcts), 
				expand(__e, 0, 0)
			), 
			for _fct in facts() do 
			(
				if not member(_fct, _otherfacts) then
					apply('forget, ['_fct])
			)		
		)
	)
);

_usepwdelta:false;
global:true$
use_between:false;

/* default is not to generate delta's in the output from diff */
gradef(unit_step(__x), 0)$
gradef(signum(__x), 0)$
gradef(unit_spike(__x), 0)$
gradef(abs(x), signum(x))$
gradef(between(__x,__a,__b,__c), 0, und, und, und)$
gradef(unit_pulse(__x), 0)$

gen_deltas([_v]):=block
(
	if listp(_v) and not emptyp(_v) and is(first(_v) = false) then
	(
		_usepwdelta:false,
		gradef(unit_step(__x), 0),
		gradef(signum(__x), 0),
		gradef(unit_pulse(__x), 0),
		gradef(between(__x,__a,__b,__c), 0, und, und)
	)
	elseif listp(_v) and not emptyp(_v) and is(first(_v) = true) then
	(
		_usepwdelta:true,
		gradef(unit_step(__x), pwdelta(__x)),
		gradef(signum(__x), 2*pwdelta(__x)),
		gradef(unit_pulse(__x), pwdelta(__x)-pwdelta(__x-1)),
		gradef(between(__x,__a,__b,__c), (1-unit_spike(__b-__a)+signum(__b-__a))/2*(pwdelta(__x-__a)-pwdelta(__x-__b)), und, und, und)
	),
	if _usepwdelta then
		"pwdeltas() will be used"
	else
		"no pwdeltas() will be used"
)$

_useabsint:true;

_eim:copy(extra_integration_methods);
_edim:copy(extra_definite_integration_methods);

use_absint([_v]):=block
(
	if listp(_v) and not emptyp(_v) and is(first(_v) = false) then
	(
		extra_integration_methods:[],
		extra_definite_integration_methods:[],
		_useabsint:false
	)
	elseif listp(_v) and not emptyp(_v) and is(first(_v) = true) then
	(
		extra_integration_methods:copy(_eim),
		extra_definite_integration_methods:copy(_edim),
		_useabsint:true
	),
	if _useabsint then
		"additional integration methods from abs_integrate.mac will be used"
	else
		"additional integration methods from abs_integrate.mac will not be used"
)$


gradef(pwdelta(__x), diff_pwdelta(1,__x))$
gradef(diff_pwdelta(__nn,__x), und, diff_pwdelta(__nn+1,__x))$

inpargs(__e) := block([inflag : true], if mapatom(__e) then [__e] else substinpart("[",__e,0))$
freeofall(__vlist,__e) := block([_ans], _ans:true, for _v in __vlist while _ans do if not freeof(_v, __e) then _ans : false, _ans)$

/* iif stuff, be careful about this.  This is new code and it may have bugs in it.  */
not_op(__e):= psubst(['notequal='equal, 'equal='notequal, ">"="<=", ">="="<", "<"=">=", "<="=">"],__e);

simp_iif(__e) :=
block(
[_done:false,inflag:true],
	while not _done do (
		if is(equal(isimp(__e),__e)) # true then
			__e : isimp(__e)
		else
		_done:true),
__e);

isimp(__e):=
block(
	[opsubst:true, inflag:true],
	simp_given(subst(iif =
	lambda([__cnd,__a,__b],
	if is(equal(__a,__b))=true then
		__a
    elseif safe_op(__cnd) = 'equal then
	(
		iif(__cnd, ratsubst(inpart(__cnd, 2), inpart(__cnd, 1), __a), __b)
	)
    elseif safe_op(__cnd) = 'notequal then
	(
		iif(__cnd, __a, ratsubst(inpart(__cnd, 2), inpart(__cnd, 1), __b))
	)
	else
		iif(__cnd, __a, __b)
	), __e))
);

simpiif(__cnd, __a, __b):=
block(
	[prederror:false],
	if not member(safe_op(__cnd), [">", "<", ">=", "<=", 'equal, 'notequal]) then
		error("The only operators allowed are >, <, >=, <=, equal() and notequal().")
	elseif is(__cnd)=true then
		__a
	elseif is(__cnd)=false then
		__b
	else
		simpfuncall('iif, __cnd, simp_given(__a, __cnd), simp_given(__b, not_op(__cnd)))
)$

simpunitspike(__x):=
block(
	[prederror:false],
	if is(equal(__x,0))=true then
		1
	elseif is(notequal(__x,0))=true then
		0
	else
		simpfuncall('unit_spike,__x)
)$


simpunitpulse(__x):=
block(
	[prederror:false],
	if is(__x>0 and __x<1)=true then
		1
	elseif is(equal(__x,0))=true then
		1/2
	elseif is(equal(__x,1))=true then
		1/2
	elseif is(__x<0 or __x>1)=true then
		0
	else
		simpfuncall('unit_pulse,__x)
)$

simppwdelta([__e]):=
block(
	[prederror:false],
	if length(__e) # 1 then
		error("Error : pwdelta takes one argument.")
	elseif numberp(first(__e)) and is(notequal(first(__e),0))=true then
		0
	elseif numberp(first(__e)) and is(equal(first(__e),0))=true then
		'inf
	else
		simpfuncall('pwdelta, first(__e))
)$

simpdiffpwdelta([__e]):=
block(
	[prederror:false],
	if length(__e) # 2 then
		error("Error : diff_pwdelta takes two arguments.")
	elseif numberp(second(__e)) and is(notequal(second(__e),0))=true then
		0
	elseif numberp(second(__e)) and is(equal(second(__e),0))=true then
		'und
	else
		simpfuncall('diff_pwdelta, first(__e), second(__e))
)$

simpbetween(__x,__a,__b, [__option]):=
block(
	[prederror:false,compxa:false,compxb:false],
	__x:rationalize(__x),
	__a:rationalize(__a),
	__b:rationalize(__b),
	if length(__option) > 1 then
		error(concat("No version of between() takes ", length(__option)+3, " arguments"))
	elseif is(__a >= __b)=true then
		0
	elseif emptyp(__option) or first(__option) = 'halfopen then
		if (compxa:sign(__x - __a)) = 'pos and (compxb:sign(__x - __b)) = 'neg  then
			1
		elseif compxa = 'neg or compxb = 'pos then
			0
		elseif compxa = 'zero or compxb = 'zero then
			1/2
		elseif __b = 'inf then
		(
			(1 + signum(__x - __a))/2
		)
		elseif __a = 'minf then
		(
			(1 - signum(__x - __b))/2
		)
		else
			(simpfuncall('between, __x, __a, __b, 'halfopen))
	elseif first(__option) = 'closed then
		if member(compxa:sign(__x - __a), '[pos,pz,zero]) and member(compxb:sign(__x - __b),'[neg,nz,zero]) then
			1
		elseif compxa='neg or compxb='pos then
			0
		elseif __b = 'inf then
		(
			(1 + signum(__x - __a) + unit_spike(__x - __a))/2
		)
		elseif __a = 'minf then
		(
			(1 - signum(__x - __b) + unit_spike(__x - __b))/2
		)
		else
			(simpfuncall('between, __x, __a, __b, first(__option)))
	elseif first(__option) = 'open then
		if (compxa:sign(__x - __a)) = 'pos and (compxb:sign(__x - __b)) = 'neg then
			1
		elseif member(compxa, '[neg,nz,zero]) or member(compxb,'[pos,pz,zero]) then
			0
		elseif __b = 'inf then
		(
			(1 + signum(__x - __a) - unit_spike(__x - __a))/2
		)
		elseif __a = 'minf then
		(
			(1 - signum(__x - __b) - unit_spike(__x - __b))/2
		)
		else
			(simpfuncall('between, __x, __a, __b, first(__option)))
	elseif first(__option) = 'rclosed then
		if (compxa:sign(__x - __a)) = 'pos and member(compxb:sign(__x - __b),'[neg,nz,zero]) then
			1
		elseif member(compxa, '[neg,nz,zero]) or compxb = 'pos then
			0
		elseif __b = 'inf then
		(
			(1 + signum(__x - __a) - unit_spike(__x-__a))/2
		)
		elseif __a = 'minf then
		(
			(1 - signum(__x - __b) + unit_spike(__x - __b))/2
		)
		else
			(simpfuncall('between, __x, __a, __b, first(__option)))
	elseif first(__option) = 'lclosed then
		if member(compxa:sign(__x - __a), '[pos,pz,zero]) and (compxb:sign(__x - __b)) = 'neg then
			1
		elseif compxa='neg or member(compxb, '[pos,pz,zero]) then
			0
		elseif __b = 'inf then
		(
			(1 + signum(__x - __a) + unit_spike(__x - __a))/2
		)
		elseif __a = 'minf then
		(
			(1 - signum(__x - __b) - unit_spike(__x - __b))/2
		)
		else
			(simpfuncall('between, __x, __a, __b, first(__option)))
	else
		(simpfuncall('between, __x, __a, __b, first(__option)))
)$

simplifying(iif, simpiif)$
simplifying(unit_spike, simpunitspike)$
simplifying(unit_pulse, simpunitpulse)$
simplifying(between, simpbetween)$
simplifying(pwdelta, simppwdelta)$
simplifying(diff_pwdelta, simpdiffpwdelta)$

linearfunc(__e, __x):=
block
(
	[inflag : true, ratprint:false, _a, _b, _retval],
	errcatch
	(
		_b:subst(0, __x, __e),
		_a:subst(1, __x, __e) - _b,
		if is(equal(radcan(_a*__x + _b-__e),0))=true then
			_retval : [_a, _b]
		else
			_retval : false
	),
	if %% = false or emptyp(%%) then
		false
	else
		_retval
)$

quadraticfunc(__e, __x):=
block
(
	[inflag : true, algebraic:true, ratprint:false, _p, _q, _r, _retval],
	errcatch
	(
		_p:subst(0, __x, __e),
		_q:subst(1, __x, __e),
		_r:subst(2, __x, __e),
		if is(equal(radcan((_r-2*_q+_p)/2*__x^2 + (4*_q-_r-3*_p)/2*__x + _p - __e),0))=true then
			_retval : radcan([(_r-2*_q+_p)/2, (4*_q-_r-3*_p)/2, _p])
		else
		   _retval : false
	),
	if %% = false or emptyp(%%) then
		false
	else
		_retval
)$

list_remove(__l,__n,__m):=
block
(
	[partswitch:true, _retval : "error occurred"],
	if listp(__l) then
	(
		errcatch
		(
			if __n > length(__l) then
				__retval : __l
			elseif length(__l) > __n+__m-2 and __m >= 0 then
			(
				if __n > 0 then
				(
					_retval : append(rest(__l,__n-1-length(__l)),rest(__l,__n+__m-1))
				)
			)
			elseif __m >= 0 then
			(
				if __n > 0 then
				(
					_retval : rest(__l,__n-1-length(__l))
				)
			)
		),
		if %% = [] then
			_retval : ["Something went wrong"]
	)
	else
		_retval : ["L is not a list"],
	_retval
)$


factor_signum:true;

/* pwint() only requires that the function be piecewise continuous except at a countable number of points.
 * pwint() does not compute principle values.
 */

pwint(__e, __x, [__v]):=
block
(
	[inflag : true, _f : __e, _retval, _funcs, _scnmp : false, _p, _args, _l, _funcs, _go : false],
	if mapatom(__x) then
	(
		if length(__v) = 2 then
			apply('pwdefint, flatten([_f, __x, __v]))
		elseif length(__v) = 0 then
		(

			if not freeof('signum, gatherargs(unitstep2signum(_f), 'signum)) then
			(
				_f : pwsimp(_f, __x),
				_f : zerospikes(_f),
				if freeof('signum, gatherargs(unitstep2signum(_f), 'signum)) then
				(
					_go : true
				)
			)
			else
			(
				_go : true
			),
			_args : gatherargs(_f, "^"),
			for _p in _args do (
				if is(equal(second(_p), 1/2)) = true then
					_scnmp : true
			),
			if _scnmp = true then _f : scanmap('factor, _f),
			_f : maxmin2iif(_f),
			_f : if2sum(_f),
			_f : iif2sum(_f),
			_f : abs2signum(_f),
			_f : hstep2signum(_f),
			_f : charfun2sum(_f),
			_f : simpunitstep(_f, __x),
			_f : unitstep2signum(_f),
			if member(factor_signum, ['true,'all]) then _f : simpsignum(_f),
			if factor_signum = 'all then _f : simpsignumargs(_f,__x),
			_f : zerospikes(_f),
			_f : expandwrt(_f, 'signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse),
			if _go then
			(
				_retval : _pwint(_f, __x),
				if not freeof('integrate, _retval) then
					funmake(nounify('integrate), [__e, __x])
				else
					_retval : zeroconstterms(_retval, __x)
			)
			else
			(
				funmake(nounify('integrate), [__e, __x])
			)
		)
		else
		(
			error("Wrong number of arguments to pwint.")
		)
	)
	else
		error("Variable of integration must be a symbol.")
)$

_pwint(__e, __x):=
block
(
	[inflag : true, _sum : 0, _op, _q],
	_op : if not mapatom(__e) then op(__e) else false,
	if _op = "+" then
	(
		for _q in __e do (
			_sum : _sum + intterm(_q, __x)
		),
		_sum
	)
	elseif _op = "*" then
	(
		intterm(__e, __x)
	)
	elseif _op = "^" then
	(
		if safe_op(expandwrt(__e, 'signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse)) # "^" then
			pwint((expandwrt(__e, 'signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse)), __x)
		else
			intterm(__e, __x)
	)
	elseif _op = 'signum then
	(
		intterm(__e, __x)
	)
	elseif _op = 'unit_pulse then
	(
		intterm(__e, __x)
	)
	elseif _op = 'between then
	(
		intbetween(__e, __x)
	)
	elseif _op = 'pwdelta then
	(
		intpwdelta(__e, __x)
	)
	elseif _op = 'sum then
	(
		intterm(__e,__x)
	)
	elseif not freeof('sum, __e) and not emptyp(gatherargs(__e, 'sum))
		and length(gatherargs(__e, 'sum)) = 1  then
	(
		intterm(__e,__x)
	)
	elseif _op = 'diff_pwdelta then
	(
		intdiffpwdelta(__e, __x)
	)
	elseif freeof('signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse, __e) then
		integrate(__e,__x)
	else
		funmake(nounify('integrate), [__e, __x])
)$

__pwint(__e, __x):=
block
(
	[inflag : true],
	__e : zerospikes(__e),
	__e : expandwrt(__e, 'signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse),
	if freeof('signum, gatherargs(__e, 'signum)) then
		_pwint(__e, __x)
	else
		funmake(nounify('integrate), [__e, __x])
)$

___pwint(__e, __x):=
block
(
	[inflag : true],
	__e : abs2signum(__e),
	__e : zerospikes(__e),
	__e : expandwrt(__e, 'signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse),
	if freeof('signum, gatherargs(__e, 'signum)) then
		_pwint(__e, __x)
	else
		funmake(nounify('integrate), [__e, __x])
)$

intterm(__e, __x):=
block
(
	[inflag : true, _t, _sum : 0, _tmpt, _tmp1, _tmp2, _t1, _t2, _errflag : false, _op],
	_op : if not mapatom(__e) then op(__e) else false,
	if _op = "*" then
	(
		_t1 : xreduce("*", sublist(args(__e), lambda([_z], freeof(__x, _z)))),
		_t2 : xreduce("*", sublist(args(__e), lambda([_z], not freeof(__x, _z))))
	)
	elseif _op = "^" then
	(
		_t1 : _t2 : 1,
		if freeof(__x, __e) then
			_t1 : __e
		else
			_t2 : __e
	)
	elseif _op = "+" then
	(
		print("Not a term")
	)
	elseif not freeof('sum, __e) then
	(
		if safe_op(__e) = "*" then
		(
			_t1 : xreduce("*", sublist(args(__e), lambda([_z], freeof(__x, _z)))),
			_t2 : xreduce("*", sublist(args(__e), lambda([_z], not freeof(__x, _z))))
		)
		elseif not freeof('sum, __e) and not emptyp(gatherargs(__e, 'sum))
			and length(gatherargs(__e, 'sum)) = 1 then
		(
			_t1 : 1,
			_t2 : __e
		)
		else
			print("Not a Term")
	)
	else
	(
		_t1 : _t2 : 1,
		if freeof(__x, __e) then
			_t1 : __e
		else
			_t2 : __e
	),
	if not freeof('sum, _t2) then
	(
		_tmp1 : gatherargs(_t2, 'sum),
		if length(_tmp1) = 1 then
		(
			_tmp1 : first(_tmp1),
			_tmp2 : _t2/apply('sum, [first(_tmp1), second(_tmp1), third(_tmp1), fourth(_tmp1)]),
			_tmpt : pwint(first(_tmp1)*_tmp2,__x),
			_t1*apply('sum, [_tmpt, second(_tmp1), third(_tmp1), fourth(_tmp1)])
		)
		else
		(
			funmake(nounify('integrate), [__e, __x])
		)
	)
	elseif not freeof('pwdelta, _t2) then
		_t1*intpwdelta(_t2, __x)
	elseif not freeof('diff_pwdelta, _t2) then
		_t1*intdiffpwdelta(_t2, __x)
	elseif not freeof('between, _t2) then
	(
		_t : betweencheck(_t2),
		if _t = false then
			funmake(nounify('integrate), [__e, __x])
		else
			_t1*intbetween(_t, __x)
	)
	elseif not freeof('unit_pulse, _t2) then
	(
		_t : pulsecheck(_t2),
		if _t = false then
			funmake(nounify('integrate), [__e, __x])
		else
			_t1*intpulse(_t, __x)
	)
	elseif not freeof('signum, _t2) then
	(
		_t : signumcheck(_t2),
		if _t = false then
		(
			_tmpt : (pwsimp(_t2, __x, 'signum)),
			_t : signumcheck(_tmpt),
			if _t = 'false then
				integrate(_t1 * _tmpt, __x)
			else
			(
				if freeof('signum, _t) then
					_t1 * integrate(_t, __x)
				else
				(
					if safe_op(_t) = 'signum or safe_op(_t) = "*" or safe_op(_t) = "^" then
					(
						_t1 * intsignum(_t, __x)
					)
					else
						_t1 * pwint(_t, __x)
				)
			)
		)
		else
		(
			if freeof('signum, _t) then
				_t1*integrate(_t, __x)
			else
			(
				if safe_op(_t) = 'signum or safe_op(_t) = "*" or safe_op(_t) = "^" then
				(
					(_t1 * intsignum(_t, __x))
				)
				else
					_t1 * pwint(_t, __x)
			)
		)
	)
	elseif freeof('signum, 'pwdelta, 'diff_pwdelta, 'between, 'unit_pulse, __e) then
	(
		integrate(__e,__x)
	)
	else
		funmake(nounify('integrate), [__e, __x])
)$



intpwdelta(__term, __x):=
block
(
	[inflag:true, _a, _s, _ans, _lans, _z],
	_a : block([_s], _s:gatherargs(__term, 'pwdelta), _s),
	_a : flatten(_a),
	_s : pwdelta(first(_a)),
	if listp((_lans : linearfunc(first(_a), __x))) and listp((linearfunc(__term, _s))) then
	(
		_ans : -second(_lans)/first(_lans),
		_z : at(1/first(_lans)*__term/_s, [__x = _ans]) * (signum(first(_a)) + 1) / 2
	)
	else
		funmake(nounify('integrate), [__term, __x])
)$

intdiffpwdelta(__term, __x):=
block
(
	[inflag:true, _a, _s, _ans, _lans, _z],
	_a : block([_s], _s:gatherargs(__term, 'diff_pwdelta), _s),
	_s : diff_pwdelta(first(first(_a)), second(first(_a))),
	if listp((_lans : linearfunc(second(first(_a)), __x))) and nonnegintegerp(first(first(_a))) and listp((linearfunc(__term, _s))) then
	(
		_ans : -second(_lans)/first(_lans),
		_z: at(diff(((-1)^(first(first(_a)))*__term/_s),__x, first(first(_a))), [__x = _ans])/first(_lans)^(first(first(_a))+1) *
			(signum(second(first(_a))) + 1) / 2
	)
	else
		funmake(nounify('integrate), [__term, __x])
)$

intsignum(__term, __x):=
block
(
	[inflag : true, _a, _z, __retval : 0, _s, _t, _ans, _tmp],
	_a : flatten(listify(setify(gatherargs(__term, 'signum)))),
	_s : signum(first(_a)),
	if listp(_ans : linearfunc((first(_a)), __x)) then
	(
		_ans : -second(_ans)/first(_ans),
		if not mapatom(__term) and op(__term) = 'signum then
		(
			_z : subst(1, _s, __term),
			_z : integrate(_z, __x),
			_t : errcatch(_z : (_z - at(_z,[__x=_ans])) * _s),
			if _t = [] then
				_z : _z * _s
		)
		else
		(
			_z : subst(1, _s, __term),
			if freeof('abs, 'signum, 'between, _z) then
			(
				_z : integrate(_z,__x)
			)
			else
			(
				_z : (pwint(_z, __x))
			),
			_t : errcatch(_z : (_z - at(_z,[__x=_ans])) * _s),
			if _t = [] then
				_z : _z * _s
		),
		_z
	)
	elseif freeof('abs, 'signum, 'pwdelta, 'diff_pwdelta, 'between, __term) then
		integrate(__term, __x)
	else
		funmake(nounify('integrate), [__term, __x])
)$

intpulse(__term, __x):=
block
(
	[inflag : true, _x, _a, _b, _o, _z, _t, _ans_a, _ans_b, _op, _l],
	between2unitpulse(intbetween(zerospikes(unitpulse2between(__term)),__x))
)$

intbetween(__term, __x):=
block
(
	[inflag : true, _x, _a, _b, _o, _z, _t, _ans_a, _ans_b, _op, _l],
	_op : if not mapatom(__term) then op(__term) else false,
 	_l : listify(setify(gatherargs(__term, 'between))),
	_l : first(_l),	_x : first(_l),	_a : second(_l), _b : third(_l),
	_t : between(_x, _a, _b, fourth(_l)),
	if length(_l) > 0 and listp(_ans_a : linearfunc(_x - _a, __x))	and listp(_ans_b : linearfunc(_x - _b, __x)) then
	(
		_ans_a : -second(_ans_a)/first(_ans_a),
		_ans_b : -second(_ans_b)/first(_ans_b),
		if _op = 'between then
		(
			_z : __term/_t,
			_z : integrate(_z, __x),
			_z : _z * between(_x,_a,_b) +
				(signum(_b-_a) + 1)/2 * (at(_z, [__x=_ans_b]) * (1 + signum(_x - _b))/2	+ at(_z, [__x=_ans_a]) * (1 - signum(_x - _a))/2)
		)
		elseif member(_t, args(__term)) then
		(
			_z : __term/_t,
			if freeof('abs, 'signum, 'between, _z) then
			(
				_z : integrate(_z, __x)
			)
			else
			(
				_z : pwint(_z, __x)
			),
			_z : _z * between(_x,_a,_b) +
				(signum(_b-_a) + 1)/2 * (at(_z, [__x = _ans_b]) * (1 + signum(_x - _b))/2 + at(_z, [__x = _ans_a]) * (1 - signum(_x - _a))/2)
		)
		else
			_z : funmake(nounify('integrate), [__term, __x]),
		_z
	)
	elseif freeof('abs, 'signum, 'pwdelta, 'diff_pwdelta, 'between, __term) then
		integrate(__term, __x)
	else
		funmake(nounify('integrate), [__term, __x])
)$

linearize(__e):=
block
(
	[inflag:true, _f : __e],
	if not mapatom(__e) and op(__e) = "+" then
		xreduce("+", map(lambda([_z], linearize(_z)), inpargs(__e)))
	elseif not mapatom(__e) and op(__e) = "*" then
		betweencheck(signumcheck(__e))
	elseif not mapatom(__e) and op(__e) = "^" then
		betweencheck(signumcheck(__e))
	else
		_f,
	if not freeof('false, %%) then
		_f
	else
		%%
)$


linearizesignum(__e):=
block
(
	[inflag:true, __retval, _lk, _sum : 0, _a, _p],
	__e : expandwrt(__e, 'signum),
	if not mapatom(__e) and op(__e) = "+" then
	(
		for _p in __e do (
			_sum : _sum + linearizesignum(_p)
		),
		_sum
	)
	else
	(
		__retval : __e,
		_a : gatherargs(__e, "^"),
		map(lambda([_lk],
			if not mapatom(first(_lk)) and op(first(_lk)) = 'signum and oddp(second(_lk)) then
				__retval : subst(first(_lk), first(_lk)^second(_lk), __retval)
			elseif not mapatom(first(_lk)) and op(first(_lk)) = 'signum and evenp(second(_lk)) then
				__retval : subst(1-unit_spike(first(args(first(_lk)))), first(_lk)^second(_lk), __retval)
			),
			_a
		),
		__retval
	)
);

signumcheck(__e):=
block
(
	[inflag:true,__retval, _lk, _e, _q, _args, _dv, _go : true, _sum : 0, _a],
	if not mapatom(__e) and op(__e) = "+" then
	(
		for _p in __e do (
			_sum : _sum + signumcheck(_p)
		),
		if freeof('false, _sum) then
			_sum
		else
			'false
	)
	else
	(
		__retval : __e,
		_a : gatherargs(__e, "^"),
		map(lambda([_lk],
			if not mapatom(first(_lk)) and op(first(_lk)) = 'signum and oddp(second(_lk)) then
				__retval : subst(first(_lk), first(_lk)^second(_lk), __retval)
			elseif not mapatom(first(_lk)) and op(first(_lk)) = 'signum and evenp(second(_lk)) then
				__retval : subst(1-unit_spike(_lk), first(_lk)^second(_lk), __retval)
			),
			_a
		),
		_args : block([_s], _s:gatherargs(__retval, 'signum), flatten(listify(setify(_s)))),
		if not freeofall(['signum, 'unit_spike], _args) then
		(
			__retval : false,
			_args : []  /* I don't handle this kind of expression so return false */
		),
		while length(_args) > 0 do
		(
			_q:first(_args),
			_args:rest(_args),
			_dv : signum(_q),
			if not listp(linearfunc(__retval, _dv)) then
			(
				__retval : false,	 /* I don't handle this kind of expression so return false */
				_args : []
			)
		),
		__retval
	)
)$

betweencheck(__e):=
block
(
	[inflag:true,__retval, _lk, _e, _q, _args, _dv, _go : true, _sum : 0, _a],
	if not mapatom(__e) and op(__e) = "+" then
	(
		for _p in __e do (
			_sum : _sum + betweencheck(_p)
		),
		if freeof('false, _sum) then
			_sum
		else
			'false
	)
	else
	(
		__retval : __e,
		_a : gatherargs(__e, "^"),
		map(lambda([_lk],
			if not mapatom(first(_lk)) and op(first(_lk)) = 'between and second(_lk) > 0 then
				__retval : subst(first(_lk), first(_lk)^second(_lk), __retval)
			),
			_a
		),
		_args : block([_s], _s:gatherargs(__retval, 'between), listify(setify(_s))),
		while length(_args) > 0 do
		(
			_q:first(_args),
			_args:rest(_args),
			_dv : apply('between, _q),
			if not listp(linearfunc(__retval, _dv)) then
			(
				__retval : false,	 /* I don't handle this kind of expression so return false */
				_args : []
			)
		),
		__retval
	)
)$

pulsecheck(__e):=
block
(
	[inflag:true,__retval, _lk, _e, _q, _args, _dv, _go : true, _sum : 0, _a],
	if not mapatom(__e) and op(__e) = "+" then
	(
		for _p in __e do (
			_sum : _sum + pulsecheck(_p)
		),
		if freeof('false, _sum) then
			_sum
		else
			'false
	)
	else
	(
		__retval : __e,
		_a : gatherargs(__e, "^"),
		map(lambda([_lk],
			if not mapatom(first(_lk)) and op(first(_lk)) = 'unit_pulse and second(_lk)>0 then
				__retval : subst(first(_lk), first(_lk)^second(_lk), __retval)
			),
			_a
		),
		_args : block([_s], _s:gatherargs(__retval, 'unit_pulse), flatten(listify(setify(_s)))),
		if not freeof('signum, 'unit_spike, _args) then
		(
			__retval : false,
			_args : []  /* I don't handle this kind of expression so return false */
		),
		while length(_args) > 0 do
		(
			_q:first(_args),
			_args:rest(_args),
			_dv : unit_pulse(_q),
			if not listp(linearfunc(__retval, _dv)) then
			(
				__retval : false,	 /* I don't handle this kind of expression so return false */
				_args : []
			)
		),
		__retval
	)
)$

/* pwsimp() has respect for boundary conditions now, but it does not handle the pwdelta() functions */
pwsimp(__e, __x, [__options]) :=
block(
	[partswitch : true, use_between : false, inflag:true, opsubst : true, __retval : 0, _q, _t1, _t2, _sort_failed : false],
	_f : between2iif(__e),
	_f : maxmin2iif(_f),
	errcatch(_f : ifthen2if(_f)),
	_f : if2sum(_f),
	_f : iif2sum(_f),
	_f : charfun2sum(_f),
	__options : flatten(__options),
	_f : simppwdeltas(_f),
	if not freeof('unit_step, _f) then _f : scanmap(lambda([_z], simpunitstep(_z, __x)), _f),
	_f : convertall2signum(_f),
	_f : unitspike2signum(_f),
	if global = false then _f : expandwrt(_f, 'signum, 'unit_spike),
	if global = true then
		__retval : _nsignumsimp(_f, __x, __options)
	else
	(
		if not mapatom(_f) and op(_f) = "+" then
		(
			for _q in args(_f) do (
				__retval : __retval + _nsignumsimp(_q, __x, __options)
			)
		)
		elseif not mapatom(_f) and op(_f) = "*" then
		(
			_t1 : xreduce("*", sublist(args(_f), lambda([z], freeof(__x, z)))),
			_t2 : xreduce("*", sublist(args(_f), lambda([z], not freeof(__x, z)))),
			__retval : _t1 * _nsignumsimp(_t2, __x, __options)
		)
		else
		(
			__retval : _nsignumsimp(_f, __x, __options)
		)
	),
	if _sort_failed = true then
		__e
	else
		__retval
)$

_nsignumsimp(__e, __x, __options):=
block(
	[inflag:true, use_between : false, _q, _ans : [], _args, _args2:[], _yesno, _lkq, _p1, _p2, _t, _tmp, _tmplist, _nothing, _done, _l, _anst, _f : __e],
	__options : flatten(__options),
	_args:block([_s], _s:gatherargs(_f, 'signum), _s : listify(setify(_s)), _s),
	if not emptyp(_args) then
	(
		_t : [['minf, __x-'minf]],
		while not emptyp(_args) do (
			_q : first(_args),
			_args : rest(_args),
			_lkq : quadraticfunc(first(_q),__x),
			if listp(_lkq) then
			(
				if is(equal(first(_lkq),0))=true and is(equal(second(_lkq),0))=true then
				(
					/* no roots */ 6+9
				)
				elseif is(equal(first(_lkq),0))=true then
				(
					_temp : cons(-third(_lkq)/second(_lkq), _q),
					_t : cons(_temp, _t)
				)
				elseif is(equal(second(_lkq)^2-4*first(_lkq)*third(_lkq),0))=true then
				(
					_temp : cons(-second(_lkq)/(2*first(_lkq)), _q),
					_t : cons(_temp, _t)
				)
				elseif is(second(_lkq)^2-4*first(_lkq)*third(_lkq) > 0)=true then
				(
					_temp : cons((-second(_lkq)+sqrt(second(_lkq)^2-4*first(_lkq)*third(_lkq)))/(2*first(_lkq)), _q),
					_t : cons(_temp, _t),
					_temp : cons((-second(_lkq)-sqrt(second(_lkq)^2-4*first(_lkq)*third(_lkq)))/(2*first(_lkq)), _q),
					_t : cons(_temp, _t)
				)
				elseif is(second(_lkq)^2-4*first(_lkq)*third(_lkq) < 0)=true then
				(
					/* don't do anything */ 6+9
				)
				else
				(
					/* don't do anything */ 6+9
				)
			)
			else
			(
				/* don't do anything */ 6+9
			)
		),
		_t : cons(['inf, __x-'inf], _t),
		if not emptyp(_t) and length(_t) > 1 then
		(
			_t:sort(_t,lambda([c1,c2], block([t], t:errcatch(is(is(first(c1)<first(c2))='true)),if emptyp(t) then 'false else first(%%)))),
			_tmp:false,
			for i : 1 thru length(_t)-1 do if is(first(_t[i]) <= first(_t[i+1]))='unknown then (_tmp : true, _sort_failed : true),
			if equal(_tmp,true) then
			(
				_ans:__e
			)
			else
			(
				_tmplist:[],
				while not emptyp(_t) and length(_t) > 1 do (
					_tmp:_f,
					_p1:first(_t),
					_p2:second(_t),
					_t:rest(_t),
					_tmp : simp_given(_tmp, first(_p1) < __x, __x < first(_p2)),
					errcatch(_anst : if not member(first(_p1), ['minf,'inf]) then sublis([__x=first(_p1)], ratsimp(_f))),
					if %% = [] then _anst : 'und,
					_tmplist : flatten(cons([_tmp, first(_p1), _anst, first(_p1)],_tmplist))
				),
				_tmplist: flatten(cons([first(_p2), if not member(first(_p2), ['minf,'inf]) then
					sublis([__x=first(_p2)], ratsimp(_f)) else 'ind, first(_p2)],_tmplist)),
				if first(_tmplist) = 'inf and third(_tmplist) = 'inf then
					_tmplist : rest(_tmplist,2),
				_tmplist : reverse(_tmplist),
				if first(_tmplist) = 'minf and third(_tmplist) = 'minf then
					_tmplist : rest(_tmplist,2),
				for i : 1 thru length(__options) do
				(
					if member(__options[i], ['connect])=true then
					(
						__options : list_remove(__options, i, 1),
						i : length(__options)+100^100
					)
				),
				for i : 1 thru length(__options) do
				(
					if member(__options[i], ['closed, 'open, 'lclosed, 'rclosed, 'halfopen])=true then
					(
						__options : list_remove(__options, i, 1),
						i : i - 1
					)
				),
				if member('list,__options) then
					_ans: _tmplist
				elseif member('iif,__options) then
					_ans : simp_iif(pw(_tmplist, __x, cons('open, __options)))
				else
					_ans : simpspikes(pw(_tmplist, __x, cons('open, __options)))
			)
		)
		else
			_ans:__e
	)
	else
		_ans:__e,
	_ans
)$

pw(__L, __x, [__options]):=
block
(
    [__M, __k, _options:[], __rslt, __ans : [], _ls, _rs, _c],

	__options:flatten(__options),

	_ls:"<",
	_rs:">",
	if member('array, __options) then
		_options:cons('array, _options)
	elseif member('between, __options) then
	(
		_options:cons('between, _options)
	)
	elseif member('signum, __options) then
		_options:cons('signum, _options),
	if member('lclosed, __options) then
	(
		_ls: "[",
		_rs: ")",
		_options:cons('lclosed, _options)
	)
	elseif member('rclosed, __options) then
	(
		_ls: "(",
		_rs: "]",
		_options:cons('rclosed, _options)
	)
	elseif member('open, __options) then
	(
		_ls: "(",
		_rs: ")",
		_options:cons('open, _options)
	)
	elseif member('closed, __options) then
	(
		_ls: "[",
		_rs: "]",
		_options:cons('closed, _options)
	)
	elseif member('halfopen, __options) then
	(
		_options:cons('halfopen, _options)
	)
	else
		false,

	if listp(__L) and not emptyp(__L) then
	(
		if listp(__L[1]) and length(__L[1]) = 3 then
	    (
			if member('connect, __options) and __L[1][1] # 'minf then
				__L[1][3] : __L[1][3] - limit(__L[1][3], __x, __L[1][1], 'plus),
			__M:matrix(["If", __x, "in", %if(is(equal(__L[1][1], __L[1][2])), "[", %if(is(equal(__L[1][1],'minf)), "(", _ls)), __L[1][1], ",",
				__L[1][2], %if(is(equal(__L[1][1], __L[1][2])), "]", %if(is(equal(__L[1][2],'inf)), ")", _rs)), "then", __L[1][3]]),
			for __k: 2 thru length(__L) do (
				if listp(__L[__k]) then
					if length(__L[__k])=3 then
					(
						__L[__k+1][3] : __L[__k+1][3] +
						if member('connect, __options) then
							limit(__L[__k][3],__x,__L[__k][2],'minus) - limit(__L[__k+1][3],__x,__L[__k+1][1],'plus)
						else
							0,
						__M:addrow(__M,["If", __x, "in", %if(is(equal(__L[__k][1], __L[__k][2])), "[", _ls), __L[__k][1], ",", __L[__k][2],
							%if(is(equal(__L[__k][1], __L[__k][2])), "]", %if(is(equal(__L[__k][2],'inf)), ")", _rs)), "then", __L[__k][3]])
					)
			)
	    )
		elseif length(__L) > 2 and oddp(length(__L)) then
		(
			if member('connect, __options) and __L[1] # 'minf then
				__L[2] : __L[2] - limit(__L[2], __x, __L[1], 'plus),
			__M:matrix(["If", __x, "in", %if(is(equal(__L[1], __L[3])), "[", %if(is(equal(__L[1],'minf)), "(", _ls)), __L[1], ",", __L[3],
				%if(is(equal(__L[1], __L[3])), "]", _rs), "then", __L[2]]),
			for __k:2 thru length(__L)-3 step 2 do
			(
				if member('connect, __options) then
					__L[__k+2] : __L[__k+2] + limit(__L[__k], __x, __L[__k+1], 'minus) - limit(__L[__k+2], __x, __L[__k+1], 'plus),
				__M:addrow(__M,["If", __x, "in", %if(is(equal(__L[__k+1], __L[__k+3])), "[", _ls), __L[__k+1], ",", __L[__k+3],
					%if(is(equal(__L[__k+1], __L[__k+3])), "]", %if(is(equal(__L[__k+3],'inf)), ")", _rs)), "then", __L[__k+2]])
			)
		)
		elseif length(__L) = 1 then
			__M:matrix(["If", __x, "in", "(", minf, ",", inf, ")", "then", __L[1]])
		else
			error("Error : List has an even number of terms and it is the simple type."),
		if __ans # 'inconsistent then
		(
			if member('array, _options) then
			(
				disp(" "),
				disp(__M),
				__ans : "Done"
			)
			elseif member('ifthen, __options) then
				__ans : iif2ifthen(pwiifify(__M, _options))
			elseif member('iif, __options) then
				__ans : simp_iif(pwiifify(__M, _options))
			elseif member('%if, __options) then
				__ans : pw%ifify(__M, _options)
			elseif member('between, __options) then
				__ans : pwsumifybetween(__M, _options)
			elseif member('pulse, __options) then
				__ans : between2unitpulse(pwsumifybetween(__M, _options))
			elseif member('signum, __options) then
				__ans : pwsumifysignum(__M, _options)
			elseif member('unitstep, __options) then
				__ans : negunitstep(signum2unitstep(pwsumifysignum(__M, _options)),__x)
			elseif member('abs, __options) then
				__ans : signum2abs(pwsumifysignum(__M, _options))
			elseif use_between = 'true then
				__ans : pwsumifybetween(__M, _options)
			elseif use_between = 'false then
				__ans : pwsumifysignum(__M, _options)
			elseif use_between = 'pulse then
				__ans : between2unitpulse(pwsumifybetween(__M, _options))
			else
				__ans : pwsumifysignum(__M, _options)
		)
		else
			[__ans]
	)
	else
		error("First argument must be a list and not an empty list.")
)$

piecewise(__L,__x,[__options]):=pw(__L,__x,__options)$

pwsumifybetween(__M, [__options]):=block
(
    [__i,__retval:0, _option, _tmp:[]],

	__options:flatten(__options),

	if member('rclosed, __options) then
		(_option : 'rclosed)
	elseif member('open, __options) then
		(_option : 'open)
	elseif member('lclosed, __options) then
		(_option : 'lclosed)
	elseif member('closed, __options) then
		(_option : 'closed)
	elseif member('halfopen, __options) then
		(_option : 'halfopen)
	else
		(_option : 'none),

	/* inf * unit_spike(x-a) is NOT equivilent to pwdelta(x-a) */

    if matrixp(__M) and length(__M[1]) = 10 then
	(
		for __i: 1 thru length(__M) do (
			if is(equal(__M[__i,5],__M[__i,7]))=true and listp(__M[__i,10]) then
			(
				__retval : __retval +
				if length(__M[__i,10]) = 2 then
					second(__M[__i,10]) * diff_pwdelta(first(__M[__i,10]), __M[__i,2] - __M[__i,5])
				elseif length(__M[__i,10]) = 1 or (length(__M[__i,10]) = 2 and first(__M[__i,10]) = 0) then
					first(__M[__i,10]) * pwdelta(__M[__i,2] - __M[__i,5])
				else
				(
					_tmp : 'inconsistent
				)
			)
			elseif is(equal(__M[__i,5],__M[__i,7]))=true and not listp(__M[__i,10]) then
				__retval : __retval + __M[__i,10] * unit_spike(__M[__i,2] - __M[__i,5])
			elseif listp(__M[__i,10]) and is(equal(__M[__i,5],__M[__i,7]))=false then
				__retval : ['inconsistent]
			elseif not listp(__M[__i,10]) then
				if _option = 'none then
					__retval : __retval + __M[__i,10] * between(__M[__i,2], __M[__i,5], __M[__i,7])
				else
					__retval : __retval + __M[__i,10] * between(__M[__i,2], __M[__i,5], __M[__i,7], _option)

			else
			(
				__retval : ['inconsistent]
			)
		)
	)
	else
		error("This is not a user function."),
	if _tmp # 'inconsistent then
		__retval
	else
		[_tmp]
)$

pw%ifify(__M, [__options]):=block
(
    [__i,__retval:0, _option, _tmp:[]],

	__options:flatten(__options),

	if member('rclosed, __options) then
		(_option : 'rclosed)
	elseif member('open, __options) then
		(_option : 'open)
	elseif member('lclosed, __options) then
		(_option : 'lclosed)
	elseif member('closed, __options) then
		(_option : 'closed)
	elseif member('halfopen, __options) then
		(_option : 'halfopen)
	else
		(_option : 'none),

	/* inf * unit_spike(x-a) is NOT equivilent to pwdelta(x-a) */

    if matrixp(__M) and length(__M[1]) = 10 then
	(
		for __i: 1 thru length(__M) do (
			if is(equal(__M[__i,5],__M[__i,7]))=true and listp(__M[__i,10]) then
			(
				__retval : __retval +
				if length(__M[__i,10]) = 2 then
					second(__M[__i,10]) * diff_pwdelta(first(__M[__i,10]), __M[__i,2] - __M[__i,5])
				elseif length(__M[__i,10]) = 1 or (length(__M[__i,10]) = 2 and first(__M[__i,10]) = 0) then
					first(__M[__i,10]) * pwdelta(__M[__i,2] - __M[__i,5])
				else
				(
					_tmp : 'inconsistent
				)
			)
			elseif is(equal(__M[__i,5],__M[__i,7]))=true and not listp(__M[__i,10]) then
				__retval : __retval + __M[__i,10] * unit_spike(__M[__i,2] - __M[__i,5])
			elseif listp(__M[__i,10]) and is(equal(__M[__i,5],__M[__i,7]))=false then
				__retval : ['inconsistent]
			elseif not listp(__M[__i,10]) then
				if _option = 'closed then
					__retval : __retval + %if(__M[__i,2] >= __M[__i,5], %if(__M[__i,2] <= __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'lclosed then
					__retval : __retval + %if(__M[__i,2] >= __M[__i,5], %if(__M[__i,2] < __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'rclosed then
					__retval : __retval + %if(__M[__i,2] > __M[__i,5], %if(__M[__i,2] <= __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'open then
					__retval : __retval + %if(__M[__i,2] > __M[__i,5], %if(__M[__i,2] < __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'halfopen then
					__retval : __retval +
						%if(__M[__i,2] > __M[__i,5], %if(__M[__i,2] < __M[__i,7], __M[__i,10],
						%if(__M[__i,2] = __M[__i,7], __M[__i,10]/2, 0)), %if(__M[__i,2] = __M[__i,5], __M[__i,10]/2, 0))  /* this line tested okay 08-20-10 */
				else
					__retval : __retval +
						%if(__M[__i,2] > __M[__i,5], %if(__M[__i,2] < __M[__i,7], __M[__i,10],
						%if(__M[__i,2] = __M[__i,7], __M[__i,10]/2, 0)), %if(__M[__i,2] = __M[__i,5], __M[__i,10]/2, 0))  /* this line tested okay 08-20-10 */
			else
			(
				__retval : ['inconsistent]
			)
		)
	)
	else
		error("This is not a user function."),
	if _tmp # 'inconsistent then
		__retval
	else
		[_tmp]
)$

pwiifify(__M, [__options]):=block
(
    [__i,__retval:0, _option, _tmp:[]],

	__options:flatten(__options),

	if member('rclosed, __options) then
		(_option : 'rclosed)
	elseif member('open, __options) then
		(_option : 'open)
	elseif member('lclosed, __options) then
		(_option : 'lclosed)
	elseif member('closed, __options) then
		(_option : 'closed)
	elseif member('halfopen, __options) then
		(_option : 'halfopen)
	else
		(_option : 'none),

	/* inf * unit_spike(x-a) is NOT equivilent to pwdelta(x-a) */

    if matrixp(__M) and length(__M[1]) = 10 then
	(
		for __i: 1 thru length(__M) do (
			if is(equal(__M[__i,5],__M[__i,7]))=true and listp(__M[__i,10]) then
			(
				__retval : __retval +
				if length(__M[__i,10]) = 2 then
					second(__M[__i,10]) * diff_pwdelta(first(__M[__i,10]), __M[__i,2] - __M[__i,5])
				elseif length(__M[__i,10]) = 1 or (length(__M[__i,10]) = 2 and first(__M[__i,10]) = 0) then
					first(__M[__i,10]) * pwdelta(__M[__i,2] - __M[__i,5])
				else
				(
					_tmp : 'inconsistent
				)
			)
			elseif is(equal(__M[__i,5],__M[__i,7]))=true and not listp(__M[__i,10]) then
				__retval : __retval + __M[__i,10] * iif(equal(__M[__i,2],  __M[__i,5]), 1, 0)
			elseif listp(__M[__i,10]) and is(equal(__M[__i,5],__M[__i,7]))=false then
				__retval : ['inconsistent]
			elseif not listp(__M[__i,10]) then
				if _option = 'closed then
					__retval : __retval + iif(__M[__i,2] >= __M[__i,5], iif(__M[__i,2] <= __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'lclosed then
					__retval : __retval + iif(__M[__i,2] >= __M[__i,5], iif(__M[__i,2] < __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'rclosed then
					__retval : __retval + iif(__M[__i,2] > __M[__i,5], iif(__M[__i,2] <= __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'open then
					__retval : __retval + iif(__M[__i,2] > __M[__i,5], iif(__M[__i,2] < __M[__i,7], __M[__i,10], 0), 0)
				elseif _option = 'halfopen then
					__retval : __retval +
						iif(__M[__i,2] > __M[__i,5], iif(__M[__i,2] < __M[__i,7], __M[__i,10],
						iif(equal(__M[__i,2], __M[__i,7]), __M[__i,10]/2, 0)), iif(equal(__M[__i,2], __M[__i,5]), __M[__i,10]/2, 0))
				else
					__retval : __retval +
						iif(__M[__i,2] > __M[__i,5], iif(__M[__i,2] < __M[__i,7], __M[__i,10],
						iif(equal(__M[__i,2], __M[__i,7]), __M[__i,10]/2, 0)), iif(equal(__M[__i,2], __M[__i,5]), __M[__i,10]/2, 0))
			else
			(
				__retval : ['inconsistent]
			)
		)
	)
	else
		error("This is not a user function."),
	if _tmp # 'inconsistent then
		__retval
	else
		[_tmp]
)$

pwsumifysignum(__M, [options]):=block
(
    [__i,__retval:0,__num1:0,__num2:0,_options, _tmp:[]],

	_options:flatten(options),

	if member('lclosed, _options) then
		(__num1:-1,__num2:-1)
	elseif member('open, _options) then
		(__num1:1,__num2:-1)
	elseif member('rclosed, _options) then
		(__num1:1,__num2:1)
	elseif member('closed, _options) then
		(__num1:-1,__num2:1)
	else
		(__num1:0,__num2:0),

	/* inf * unit_spike(x-a) is NOT equivilent to pwdelta(x-a) */

    if matrixp(__M) and length(__M[1]) = 10 then
	(
		for __i: 1 thru length(__M) do (
			if is(equal(__M[__i,5],__M[__i,7]))=true and listp(__M[__i,10]) then
				__retval : __retval +
			(
				if length(__M[__i,10]) = 2 then
					second(__M[__i,10]) * diff_pwdelta(first(__M[__i,10]), __M[__i,2] - __M[__i,5])
				elseif length(__M[__i,10]) = 1 or (length(__M[__i,10]) = 2 and first(__M[__i,10]) = 0) then
					first(__M[__i,10]) * pwdelta(__M[__i,2] - __M[__i,5])
				else
				(
					_tmp : 'inconsistent,
					0
				)
			)
			elseif is(equal(__M[__i,5],__M[__i,7]))=true and not listp(__M[__i,10]) then
				__retval : __retval + __M[__i,10] * unit_spike(__M[__i,2] - __M[__i,5])
			elseif listp(__M[__i,10]) and is(equal(__M[__i,5],__M[__i,7]))=false then
				__retval : ['inconsistent]
			elseif not listp(__M[__i,10]) then
				__retval : __retval + __M[__i,10] * (1+signum(__M[__i,7]-__M[__i,5]))/2*(signum(__M[__i,2] - __M[__i,5]) - signum(__M[__i,2] - __M[__i,7])
					+ signum(__M[__i,5] - __M[__i,7]) * __num1 * unit_spike(__M[__i,2] - __M[__i,5])
					- signum(__M[__i,5] - __M[__i,7]) * __num2 * unit_spike(__M[__i,2] - __M[__i,7]))/2
			else
			(
				__retval : ['inconsistent]
			)
		)
	)
	else
		error("This is not a user function."),
	if _tmp # 'inconsistent then
		__retval
	else
		[_tmp]
)$


pwifify(__M, [__options]):=block
(
    [__i, __retval, _L1:[], __num1:0, __num2:0, _options, _tmp:[]],
	_options : flatten(__options),
    if matrixp(__M) and length(__M[1]) = 10 then
	(
		for __i: 1 thru length(__M) do (
			if is(equal(__M[__i, 5],__M[__i, 7]))=true and listp(__M[__i, 10]) then
			(
				if length(__M[__i,10]) = 2 then
					_L1 : append(_L1, [equal(__M[__i,2],__M[__i,5])], [second(__M[__i,10]) * diff_pwdelta(first(__M[__i,10]), __M[__i,2] - __M[__i,5])])
				elseif length(__M[__i,10]) = 1 or (length(__M[__i,10]) = 2 and first(__M[__i,10]) = 0) then
					_L1 : append(_L1, [equal(__M[__i,2],__M[__i,5])], [first(__M[__i,10]) * pwdelta(__M[__i,2] - __M[__i,5])])
				else
				(
					_tmp : 'inconsistent
				)
			)
			elseif is(equal(__M[__i,5],__M[__i,7]))=true and not listp(__M[__i,10]) then
				_L1 : append(_L1,[equal(__M[__i,2],__M[__i,5])],[__M[__i,10] * unit_spike(__M[__i,2] - __M[__i,5])])
			elseif listp(__M[__i,10]) and is(equal(__M[__i,5],__M[__i,7]))=false then
				__retval : ['inconsistent]
			elseif not listp(__M[__i,10]) then
			(
				if member('lclosed, _options) then
				(
					_L1 : append(_L1, [between(__M[__i,2], __M[__i,5], __M[__i,7], 'lclosed)>0], [__M[__i,10]])
				)
				elseif member('open, _options) then
				(
					_L1 : append(_L1, [between(__M[__i,2], __M[__i,5], __M[__i,7], 'open)>0], [__M[__i,10]])
				)
				elseif member('rclosed, _options) then
				(
					_L1 : append(_L1, [between(__M[__i,2], __M[__i,5], __M[__i,7], 'rclosed)>0], [__M[__i,10]])
				)
				elseif member('closed, _options) then
				(
					_L1 : append(_L1, [between(__M[__i,2], __M[__i,5], __M[__i,7], 'closed)>0], [__M[__i,10]])
				)
				else
				(
					_L1 : append(_L1, [between(__M[__i,2], __M[__i,5], __M[__i,7])>0], [__M[__i,10]])
				)
			)
			else
			(
				__retval : ['inconsistent]
			)
		),
		_L1 : append(_L1, [true],[0]),
		__retval : apply("if", _L1)
	)
	else
		error("This is not a user function."),
	if _tmp # 'inconsistent then
		__retval
	else
		[_tmp]
)$

simpsignum(__e) :=
block(
	[opsubst : true, inflag : true],
	subst(
		'signum =
		lambda
		(
			[_z],
			block
			(
				[_s, _e, _t],
				_t : 1,
				_s : factor(_z),
				if not mapatom(_s) and op(_s) = "*" then
				(
					for _e in _s do
					(
						if not mapatom(_e) and op(_e) = "^" then
							_t : signum(first(first(gatherargs(_e,"^"))))^second(first(gatherargs(_e,"^")))*_t
						else
							_t : signum(_e)*_t
					)
				)
				elseif not mapatom(_s) and op(_s) = "^" then
					_t : signum(first(first(gatherargs(_s,"^"))))^second(first(gatherargs(_s,"^")))
				else
					_t : signum(_s),
			_t
			)
		),
		__e
	)
)$

simpsignumargs(__e, __x) :=
block
(
	[opsubst : true],
	subst('signum =
		lambda
		(
			[__s],
			block
			(
				[_t, _rv, _err, _start:1, _p],
				_t : linearfunc(__s, __x),
				if listp(_t) and is(first(_t) # 0) then
					_rv : signum(first(_t))*signum(__x+second(_t)/first(_t))
				else
				(
					_rv : signum(__s),
					_t : quadraticfunc(__s, __x),
					if listp(_t) and is(first(_t) # 0) and is(second(_t)^2-4*first(_t)*third(_t) > 0) then
					(
						_rv : signum(__x-(-second(_t)+sqrt(second(_t)^2-4*first(_t)*third(_t)))/(2*first(_t)))
							* signum(__x-(-second(_t)-sqrt(second(_t)^2-4*first(_t)*third(_t)))/(2*first(_t)))
					)
					elseif listp(_t) and is(first(_t) # 0) and is(equal(second(_t)^2-4*first(_t)*third(_t),0)) then
					(
						_rv : at(signum(__s),[__x=(-second(_t)+sqrt(second(_t)^2-4*first(_t)*third(_t)))/(2*first(_t))+1])-
							unit_spike(__x-(-second(_t))/(2*first(_t)))
					)
					elseif listp(_t) and is(first(_t) # 0) and is(second(_t)^2-4*first(_t)*third(_t)<0) = true then
					(
						_rv : at(signum(__s), __x=0)
					)
					else
					(
						_err : errcatch(_t : realroots(__s)),
						if _err # [] then
						(
							for _p in _t do (
								_start : signum(__x - rhs(_p)) * _start
							),
							_rv : _start
						)
						else
							_rv : signum(__s)
					)
				),
				_rv
			)
		),
		__e
	)
)$

negunitstep(__e, __x) :=
block
(
	[opsubst : true, inflag : true],
	subst('unit_step =
		lambda
		(
			[s],
			block
			(
				[_t],
				_t : linearfunc(s,__x),
				if listp(_t) and first(_t) < 0 then
				(
					1 - unit_step(-s) - unit_spike(-s)
				)
				else
					unit_step(s)
			)
		),
		__e
	)
)$

simpunitstep(__e, __x):=
block
(
	[inflag:true, _cnt : 0, _args:[], _ans, _roots1:[], _roots2:[], _maxval, _minval, __retval:0, _tmp],
	__e : expandwrt(__e, 'unit_step, 'signum, 'pwdelta, 'diff_pwdelta),
	if not mapatom(__e) and safe_op(__e) = "*" then
	(
		if length(gatherargs(__e, 'unit_step)) > 1 then
		(
			__retval : 1,
			for lk in __e do (
				if not mapatom(lk) and op(lk) = 'unit_step then
				(
					_args : first(gatherargs(lk, 'unit_step)),
					_ans : linearfunc(first(_args),__x),
					if listp(_ans) then
					(
						if first(_ans) > 0 then
						(
							_roots1 : cons(-second(_ans)/first(_ans), _roots1)
						)
						elseif first(_ans) < 0 then
						(
							_roots2 : cons(-second(_ans)/first(_ans), _roots2)
						)
						else
							__retval : __retval * lk
					)
					else
						__retval : __retval * lk
				)
				elseif not mapatom(lk) and op(lk)="^" then
				(
					_tmp : simpunitstep(lk,__x),
					if not mapatom(_tmp) and op(_tmp) = 'unit_step then
					(
						_args : first(gatherargs(_tmp, 'unit_step)),
						_ans : linearfunc(first(_args),__x),
						if listp(_ans) then
						(
							if first(_ans) > 0 then
							(
								_roots1 : cons(-second(_ans)/first(_ans), _roots1)
							)
							elseif first(_ans) < 0 then
							(
								_roots2 : cons(-second(_ans)/first(_ans), _roots2)
							)
							else
								__retval : __retval * lk
						)
						else
							__retval : __retval * lk
					)
					else
						__retval : __retval * lk
				)
				else
					__retval : __retval * lk
			),
			_maxval : apply('max, _roots1),
			_minval : apply('min, _roots2),
			__retval : __retval * unit_step(__x-_maxval) * unit_step(-__x+_minval)
		)
		elseif not mapatom(__e) and op(__e)="^" then
			__retval : simpunitstep(__e,__x)
		else
			__retval : __e
	)
	elseif not mapatom(__e) and safe_op(__e) = "+" then
	(
		for lk in __e do (
			__retval : simpunitstep(lk, __x) + __retval
		)
	)
	else
		__retval : __e,
	__retval
)$

periodic(__expr,__x,__a,__b):=
block
(
    if not is(__b>__a)=false then subst(__x - __a, __x, subst((__b - __a)*(__x/(__b - __a) - floor(__x/(__b - __a))) + __a, __x, __expr)) else error("a>b")
)$

intperiodic(__expr,__x,__a,__b):=
block
(
	if not is(__b>__a)=false then ((__x-__a)-(__b-__a )* ((__x-__a)/(__b-__a) - floor((__x-__a)/(__b-__a))))/(__b-__a) * pwint(__expr,__x,__a,__b)
		+ periodic(pwint(__expr,__x),__x,__a,__b) else error("a>b")
)$

pwdefint(__e, __x, __a, __b):=
block
(
	[_s, _ans, _c, _d, _p, _t, _done : false, algebraic : true],
	_s : pwint(__e, __x),
	if freeof(__x, __e) then
		_ans : __e * (__b - __a)
	elseif freeof('integrate, _s) and freeof('pwint, _s) then
	(
		_t : errcatch(_ans : at(_s,[__x=__b]) - at(_s,[__x=__a])),
		if _t = [] then
			_ans : funmake(nounify('integrate), [__e, __x, __a, __b])
		else
		(
			if freeof('und, 'inf, 'minf, _ans) then
			(
				_ans,
				_done : true
			),
			if not _done and not freeof('und, 'inf, 'minf, 'signum, 'between, _ans) then
			(
				_ans : ratsimp(_ans),
				if not freeof('und, 'inf, 'minf, _ans) then
				(
					_done : false
				)
				else
					_done : true
			),
			if not _done and (__b = 'inf or __a = 'minf) then
			(
				if __b = 'inf and __a = 'minf then
				(
					_ans : pwlimit(pwlimit(at(_s,[__x=_d]) - at(_s,[__x=_c]), _d, 'inf), _c, 'minf)
				)
				elseif __b = 'inf then
				(
					_ans : pwlimit(at(_s,[__x=_d]) - at(_s,[__x=__a]), _d, 'inf)
				)
				elseif __a = 'minf then
				(
					_ans : pwlimit(at(_s,[__x=__b]) - at(_s,[__x=_c]), _c, 'minf)
				)
				else
				(
					_ans
				)
			)
		)
	)
	else
		_ans : funmake(nounify('integrate), [__e, __x, __a, __b]),
	_ans
)$

/* This is the limit at inf or minf for any polynomial degree >= 0 argument to signum()
It is not needed most of the time and it also could be a lot better but alas I do not have time. */
pwlimit(__e, __x, __value):=
block
(
	[inflag : true, _tmp, __retval:0, _q, _args, _thelim],
	if is(__value = 'inf) = true or is(__value = 'minf) = true then
	(
		__retval : iif2sum(abs2iif(between2iif(__e))),
		_args : flatten(gatherargs(__retval, 'signum)),
		while length(_args) > 0 do
		(
			_q : first(_args),
			_args : rest(_args),
			if numberp(polydeg(_q,__x)) then
			(
				_thelim : polysignum(_q, __x, __value),
				__retval : subst(_thelim, signum(_q), __retval)
			)
		),
		__retval : facsum(__retval, __x),
		if safe_op(__retval) = "*" and not freeof('signum, __retval) then
		(
			_tmp : xreduce("*", sublist(args(__retval), lambda([_arg], freeof(__x, _arg)))),
			__retval : _tmp * limit(__retval / _tmp, __x, __value)
		)
		else
		(
			/* this does not always work, pwlimit in general needs more work but it is good enough for pw.mac as it is rarely called */
			__retval : apply('simp_given, cons(limit(__retval, __x, __value), map(lambda([_s], if __value = 'inf then __x > _s else __x < _s),
			listofvars(__retval))))
		)
	)
	else
		error("Third argument must be inf or minf."),
	__retval
)$

polysignum(__p, __x, __value):=
block
(
	[_p,_degree:polydeg(__p, __x),_sign_x],
	if (__value < 0) then _sign_x : -1 else _sign_x : 1,
	if numberp(_degree) and _degree # false then
	(
		if is(equal(_degree,0))=true then
			signum(__p)
		elseif is(oddp(_degree))=true then
		(
			_p:__p-ratcoeff(__p,__x,_degree)*__x^_degree,
			_sign_x * signum(ratcoeff(__p,__x,_degree)) + unit_spike(ratcoeff(__p,__x,_degree))*polysignum(_p,__x,__value)
		)
		elseif is(evenp(_degree))=true then
		(
			_p:__p-ratcoeff(__p,__x,_degree)*__x^_degree,
			signum(ratcoeff(__p,__x,_degree)) + unit_spike(ratcoeff(__p,__x,_degree))*polysignum(_p,__x,__value)
		)
		else
			signum(__p)
	)
	else
	(
		signum(__p)
	)
)$

/* get polynomial degree unless not a polynomial */
polydeg(__p,__x):=
block
(
	[_deg:-1,_okay,_ans],
	_okay : polynomialp(__p,[__x],
		lambda([_l], freeof(__x,_l)),
		lambda([_l], nonnegintegerp(_l))
	),
	if _okay then
		_deg : hipow(__p,__x)
	else
		false
)$

zerospikes(__e):=block([opsubst : true], subst('unit_spike = lambda([z], 0), __e))$
zeropwdeltas(__e):=block([opsubst : true], subst('pwdelta = lambda([z], 0), __e))$
zerodiffpwdeltas(__e):=block([opsubst : true], subst('diff_pwdelta = lambda([z1,z2], 0), __e))$
zeropwdeltas(__e):=zeropwdeltas(zerodiffpwdeltas(__e))$

convertall2signum(__ex) := block(
	__ex : maxmin2abs(__ex),
	__ex : abs2signum(__ex),
	__ex : unitpulse2signum(__ex),
	__ex : unitstep2signum(__ex),
	__ex : simpsignum(__ex)
)$


signum2abs(__e) :=
block(
	[__l],
	__e : simpsignum(__e),
	__l : flatten(gatherargs(__e,'signum)),
	for lk in __l do (
		__e : ratsubst(abs(lk)/lk, signum(lk),__e)),
  __e
)$

deltaint(__e, __x, [__v]):=
block(
	[inflag: true],
	if length(__v) = 0 then
		zerospikes(negunitstep(signum2unitstep(pwint(__e,__x)),__x))
	elseif length(__v) = 2 then
		apply('pwint, flatten([__e, __x, __v]))
	else
		print("wrong number of arguments to deltaint")
)$

zeroconstterms(__e, __x) :=
block
(
	[inflag : true],
	if (not mapatom(__e)) and (op(__e) = "+") then
		xreduce("+", sublist(args(__e), lambda([z], not freeof(__x, z))))
	else
		__e
)$

/* max2abs() and min2abs() are based on code in abs_integrate and are due to Barton Willis and are used with his permission */
max2abs(__e) := block([opsubst : true], subst('max = lambda([[__x]], xreduce(lambda([_%a,_%b], (_%a+_%b+abs(_%a-_%b))/2),__x)),__e))$
min2abs(__e) := block([opsubst : true], subst('min = lambda([[__x]], xreduce(lambda([_%a,_%b], (_%a+_%b-abs(_%a-_%b))/2),__x)),__e))$
maxmin2abs(__e):= max2abs(min2abs(__e))$

/* not exact */
between2signum(__e):= block([opsubst:true], subst('between = lambda([__x,__a,__b, __o], (1+signum(__b-__a))/2*(signum(__x-__a)-signum(__x-__b))/2), __e))$
between2unitstep(__e):= block([opsubst:true], subst('between = lambda([__x,__a,__b, __o], unit_step(__x-__a)-unit_step(__x-__b)), __e))$
charfun2signum(__e):= block([opsubst:true], subst('charfun2 = lambda([__x,__a,__b], (signum(__x-__a)-signum(__x-__b))/2), __e))$

/* exactly true transformations from here on.  Not to say everything before here is not exact. signum2abs() has a divide by zero problem, so there
is also signum2abs2() below which does not have this problem.  That advantage is gained at the price of not being able to express the answer in terms of the abs() function. 
zeroconstterms(), zerospikes(), signum2abs(), zeropwdeltas() and some diff()'s are not exact at singular points all the time which is by design */

between2unitpulse(__e):= block([opsubst : true],
	subst('between = lambda([__x,__a,__b, [__o]],
			block
			(
				[_n1, _n2],
				if member('lclosed, __o) then
					(_n1:1/2, _n2:-1/2)
				elseif member('open, __o) then
					(_n1:-1/2, _n2:-1/2)
				elseif member('rclosed, __o) then
					(_n1:-1/2, _n2:1/2)
				elseif member('closed, __o) then
					(_n1:1/2, _n2:1/2)
				else
					(_n1:0, _n2:0),
				(1+signum(__b-__a))/2 * (unit_pulse(__x/(__b-__a)+__a/(__a-__b)) + _n1 * unit_spike(__x - __a) + _n2 * unit_spike(__x - __b))
			)
		),
	__e
	)
)$


simppwdeltas(__e) :=
block(
	[inflag : true, _l, _m, _q, _p, lk, _sum : 0, _ans],
	__e : expandwrt(__e, 'pwdelta),
	if safe_op(__e) = "+" then
	(
		for _p in __e do (
			_sum : _sum + simppwdeltas(_p)
		),
		_sum
	)
	else
	(
		_m : gatherargs(__e, "^"),
		_l1 : flatten(gatherargs(__e, 'pwdelta)),
		for lk in _l1 do (
			__e : ratsubst(0, lk * pwdelta(lk),__e),
			__e : ratsubst(0, signum(lk) * pwdelta(lk),__e),
			__e : ratsubst(0, sin(lk) * pwdelta(lk),__e),
			__e : ratsubst(0, tan(lk) * pwdelta(lk),__e),
			while not emptyp(_m) do (
				_p : first(_m),
				_m : rest(_m),
				_q : second(_p),
				if _q > 0 then
				(
					__e : ratsubst(0, lk ^_q * pwdelta(lk),__e),
					__e : ratsubst(0, sin(lk) ^_q * pwdelta(lk),__e),
					__e : ratsubst(0, sin(lk ^_q) * pwdelta(lk),__e),
					__e : ratsubst(0, tan(lk) ^_q * pwdelta(lk),__e),
					__e : ratsubst(0, tan(lk ^_q) * pwdelta(lk),__e)
				)
			)
		),
		__e
	)
)$

simpspikes(__e) :=
block(
	[inflag : true, use_between:false, _l, _m, _q, _p, lk, _sum : 0, _done : false, _most1, _most2, _tmp, _tmp1, _stop, _ans],
	__e : expandwrt(__e, 'unit_spike),
	if safe_op(__e) = "+" then
	(
		for _p in __e do (
			_sum : _sum + simpspikes(_p)
		),
		_sum
	)
	else
	(
		_m : gatherargs(__e, "^"),
		for lk in _m do (
			if nonnegintegerp(second(lk)) and safe_op(first(lk)) = 'unit_spike then
				__e : ratsubst(first(lk), first(lk)^second(lk),__e)
		),
		_l : listify(setify(flatten(gatherargs(__e, 'unit_spike)))),
		for lk in _l do (
			__e : subst(0, lk * unit_spike(lk),__e),
			__e : subst(0, signum(lk) * unit_spike(lk),__e),
			__e : subst(0, sin(lk) * unit_spike(lk),__e),
			__e : subst(0, tan(lk) * unit_spike(lk),__e)
		),
		_l : listify(setify(flatten(gatherargs(__e, 'unit_spike)))),
		while not emptyp(_l) do (
			_p : first(_l),
			_l : rest(_l),
			_l2 : listify(setify(flatten(gatherargs(__e, 'unit_spike)))),
			while not emptyp(_l2) do (
				_q : first(_l2),
				_l2 : rest(_l2),
				if is(notequal(_p,_q))=true then
					__e : ratsubst(0, unit_spike(_p) * unit_spike(_q),__e)
			)
		),
		_l : flatten(gatherargs(__e, 'unit_spike)),
		if not emptyp(_l) then
		(
			_tmp : __e,
			while not emptyp(_l) do (
				_p : first(_l),
				_l : rest(_l),
				_tmp : subst(1, unit_spike(_p), _tmp)
			),
			_most1 : reverse(countvars(_tmp)),
			_l : flatten(gatherargs(__e, 'unit_spike)),
			_most2 : reverse(countvars(_l)),
			_stop : false,
			if not emptyp(_most1) and not emptyp(_most2) and is(equal(first(first(_most1)),first(first(_most2)))) then
			(
				_x : first(first(_most1))
			)
			elseif emptyp(_most1) and emptyp(_most2) then
			(
				_stop : true
			)
			else
			(
				_x : first(first(_most2))
			),
			if not _stop then
			(
				_expr : first(_l),
				if listp(_ans:linearfunc(_expr,_x)) then
				(
					if is(notequal(first(_ans),0))=true then
					(
						_ans : -second(_ans)/first(_ans),
						_tmp : subst(1, unit_spike(_expr), __e),
						_t : errcatch(_tmp1 : sublis([_x = _ans], ratsimp(_tmp))),
						if _t = [] then
						(
							__e
						)
						else
						(
						   __e : _tmp1  * unit_spike(_expr)
						)
					)
				)
			)
		),
		__e
	)
)$

/* needs more work */
if2sum(__e) := block(
	[opsubst : true, inflag:true],
	subst('%if =
		lambda(
			[__s,__a,__b],
			block
			(
				[_p:safe_op(__s),_q:safe_op(inpart(__s,1)),_r:safe_op(inpart(__s,2)),
				_a:rhs(inpart(__s,1)), _b:rhs(inpart(__s,2)), _x:lhs(inpart(__s,1)), _x1:lhs(inpart(__s,1)), _x2:lhs(inpart(__s,2))],
				if safe_op(__s) = ">" then
				(
					(signum(lhs(__s))+1-unit_spike(lhs(__s)))/2 * __a + (1-signum(lhs(__s))+unit_spike(lhs(__s)))/2 * __b
				)
				elseif safe_op(__s) = "=" then
				(
					unit_spike(lhs(__s)) * __a + (1-unit_spike(lhs(__s))) * __b
				)
				elseif safe_op(__s) = "#" then
				(
					unit_spike(lhs(__s)) * __b + (1-unit_spike(lhs(__s))) * __a
				)
				elseif apply(_p, [true,false,false]) = true
					and apply(_p, [false, false, false]) = false and _q = "=" and _r = ">" and _x1 = _x2 then
				(
					 __a * (signum(_x) + unit_spike(_x)+1)/2 + __b * (1-signum(_x)-unit_spike(_x))/2
				)
				elseif apply(_p, [true,false,false]) = true
					and apply(_p, [false, false, false]) = false and _q = ">" and _r = "=" and _x1 = _x2 then
				(
					(signum(_x) + unit_spike(_x)+1)/2 * __a + (1-signum(_x)-unit_spike(_x))/2 * __b
				)
				elseif apply(_p, [true,true,true]) = true and _x1 = _x2 and apply(_p, [false, true, true]) = false
					and _q = ">" and _r = "<" then
				(
					__a * between(_x,_a,_b,'open) + __b * (1-between(_x, _a, _b, 'open))
				)
				else
					%if(__s, __a, __b))),
		__e)
)$

pushoutiif(__e):=sum2iif(((iif2sum(__e))));

iif2sum(__e) := block(
	[opsubst : true, inflag:true,__s,__a,__b],
	subst('iif =
		lambda(
			[__s,__a,__b],
			block
			(
				[_op,_p,_q,_r,_a,_b,_x,_x1,_x2],
				_op:safe_op(__s),
				_p : lhs(__s),
				_q : rhs(__s),
				_p : _p - _q,
				if _op = ">" then
					__s : _p > 0
				elseif _op = "<" then
					__s : _p < 0
				elseif _op = ">=" then
					__s : _p >= 0
				elseif _op = "<=" then
					__s : _p <= 0,
				_p:safe_op(__s),
				_q:safe_op(inpart(__s,1)),
				_r:safe_op(inpart(__s,2)),
				_a:rhs(inpart(__s,1)),
				_b:rhs(inpart(__s,2)),
				_x:lhs(inpart(__s,1)),
				_x1:lhs(inpart(__s,1)),
				_x2:lhs(inpart(__s,2)),
				if safe_op(__s) = ">" then
					(signum(lhs(__s))+1-unit_spike(lhs(__s)))/2 * __a + (1-signum(lhs(__s))+unit_spike(lhs(__s)))/2 * __b
				elseif safe_op(__s) = "<" then
					(1-signum(lhs(__s))-unit_spike(lhs(__s)))/2 * __a + (signum(lhs(__s))+unit_spike(lhs(__s))+1)/2 * __b
				elseif safe_op(__s) = ">=" then
					(signum(lhs(__s))+1+unit_spike(lhs(__s)))/2 * __a + (1-signum(lhs(__s))-unit_spike(lhs(__s)))/2 * __b
				elseif safe_op(__s) = "<=" then
					(1-signum(lhs(__s))+unit_spike(lhs(__s)))/2 * __a + (signum(lhs(__s))-unit_spike(lhs(__s))+1)/2 * __b
				elseif safe_op(__s) = 'equal then
					unit_spike(first(args(__s))-second(args(__s))) * __a + (1-unit_spike(first(args(__s))-second(args(__s)))) * __b
				elseif safe_op(__s) = 'notequal then
					unit_spike(first(args(__s))-second(args(__s))) * __b + (1-unit_spike(first(args(__s))-second(args(__s)))) * __a
				else
					iif(__s, __a, __b))),
		__e)
)$

sum2iif(__e):= signum2iif((unitspike2iif(between2iif(unitpulse2between(__e)))));

/* pulliniif() (and especially pullinif()) are slow so I do not recommend their use for very complicated piecewise functions
	but they can be useful for extending integrate() for simple cases and simplification is other cases. */

pullinif(__e):=
block(
	[_done:false, _a, inflag:true],
	while not _done do (
	_a : _pull_in_if(__e),
	if _a = __e then
		_done : 'true,
		__e : _a
	),
	_a
)$

_pull_in_if(__e) :=
block(
	[opsubst : 'true, inflag : 'true, %a, %__b, _a, _b, _sum:0, _pod:1, _exp, _op, _args, _p],
	if mapatom(__e) then
		__e
	elseif safe_op(__e) = "+" and not freeof('%if, args(__e)) then
	(
		for _p in __e do (_sum : add_it_if(_sum, _pull_in_if(_p))),
		_sum
	)
	elseif safe_op(__e) = "*" and not freeof('%if, args(__e)) then
	(
		for _p in __e do (_pod : mult_it_if(_pod, _pull_in_if(_p))),
		_pod
	)
	elseif safe_op(__e) = "^" and not freeof('%if, args(__e)) then
	(
		_pull_in_if(exp_it_if(_pull_in_if(first(__e)),_pull_in_if(second(__e))))
	)
	elseif length(args(__e)) = 1 and not freeof('%if, args(__e)) then
	(
		_op : safe_op(__e),
		%a:_pull_in_if(first(args(__e))),
		if safe_op(%a) = '%if then
			apply('%if, [inpart(%a, 1), _pull_in_if(_op(_pull_in_if(inpart(%a,2)))), _pull_in_if(_op(_pull_in_if(inpart(%a,3))))])
		else
			_pull_in_if(_op(_pull_in_if(%a)))
	)
	elseif safe_op(__e) = '%if and not freeof('%if, args(__e)) then
	(
		%a:args(__e),
		apply('%if, [inpart(%a, 1), _pull_in_if(inpart(%a,2)), _pull_in_if(inpart(%a,3))])
	)
	elseif freeof('%if, args(__e)) then
		__e
	else
	(
		__e
	)
)$

add_it_if(%a,%b):=
block(
	[inflag:true],
	if not mapatom(%b) and op(%b) = '%if then
		%if(inpart(%b,1), _pull_in_if(%a+inpart(%b,2)), _pull_in_if(%a+inpart(%b,3)))
	else
	(
		if not mapatom(%a) and op(%a) = '%if then
			%if(inpart(%a,1), _pull_in_if(%b+inpart(%a,2)), _pull_in_if(%b+inpart(%a,3)))
		else
		(
			%a+%b
		)
	)
)$

mult_it_if(%a,%b):=
block(
	[inflag:true],
	if not mapatom(%b) and op(%b) = '%if then
		%if(inpart(%b,1), _pull_in_if(%a*inpart(%b,2)), _pull_in_if(%a*inpart(%b,3)))
	else
	(
		if not mapatom(%a) and op(%a) = '%if then
			%if(inpart(%a,1), _pull_in_if(%b*inpart(%a,2)), _pull_in_if(%b*inpart(%a,3)))
		else
		(
			%a*%b
		)
	)
)$

exp_it_if(%a,%b):=
block(
	[inflag:true],
	if not mapatom(%b) and op(%b) = '%if then
		%if(inpart(%b,1), _pull_in_if(%a^inpart(%b,2)), _pull_in_if(%a^inpart(%b,3)))
	else
	(
		if not mapatom(%a) and op(%a) = '%if then
			%if(inpart(%a,1), _pull_in_if(inpart(%a,2)^%b), _pull_in_if(inpart(%a,3)^%b))
		else
		(
			%a^%b
		)
	)
)$

pulliniif(__e):=
block(
	[_done:false, _a, inflag:true],
	while not _done do (
	_a : _pull_in_iif(__e),
	if _a = __e then
		_done : 'true,
		__e : _a
	),
	_a
)$

_pull_in_iif(__e) :=
block(
	[opsubst : 'true, inflag : 'true, %a, %b, _a, _b, _sum:0, _pod:1, _exp, _op, _args, _p],
	if mapatom(__e) then
		__e
	elseif safe_op(__e) = "+" and not freeof('iif, args(__e)) then
	(
		for _p in __e do (_sum : add_it_iif(_sum, _pull_in_iif(_p))),
		_sum
	)
	elseif safe_op(__e) = "*" and not freeof('iif, args(__e)) then
	(
		for _p in __e do (_pod : mult_it_iif(_pod, _pull_in_iif(_p))),
		_pod
	)
	elseif safe_op(__e) = "^" and not freeof('iif, args(__e)) then
	(
		_pull_in_iif(exp_it_iif(_pull_in_iif(first(__e)),_pull_in_iif(second(__e))))
	)
	elseif length(args(__e)) = 1 and not freeof('iif, args(__e)) then
	(
		_op : safe_op(__e),
		%a : _pull_in_iif(first(args(__e))),
		if safe_op(%a) = 'iif then
			apply('iif, [inpart(%a, 1), _pull_in_iif(_op(_pull_in_iif(inpart(%a,2)))), _pull_in_iif(_op(_pull_in_iif(inpart(%a,3))))])
		else
			_pull_in_iif(_op(_pull_in_iif(%a)))
	)
	elseif safe_op(__e) = 'iif and not freeof('iif, args(__e)) then
	(
		%a:args(__e),
		apply('iif, [inpart(%a, 1), _pull_in_iif(inpart(%a,2)), _pull_in_iif(inpart(%a,3))])
	)
	elseif freeof('iif, args(__e)) then
		__e
	else
	(
		__e
	)
)$

add_it_iif(%a,%b):=
block(
	[inflag:true],
	if not mapatom(%b) and op(%b) = 'iif then
		iif(inpart(%b,1), _pull_in_iif(%a+inpart(%b,2)), _pull_in_iif(%a+inpart(%b,3)))
	else
	(
		if not mapatom(%a) and op(%a) = 'iif then
			iif(inpart(%a,1), _pull_in_iif(%b+inpart(%a,2)), _pull_in_iif(%b+inpart(%a,3)))
		else
		(
			%a+%b
		)
	)
)$

mult_it_iif(%a,%b):=
block(
	[inflag:true],
	if not mapatom(%b) and op(%b) = 'iif then
		iif(inpart(%b,1), _pull_in_iif(%a*inpart(%b,2)), _pull_in_iif(%a*inpart(%b,3)))
	else
	(
		if not mapatom(%a) and op(%a) = 'iif then
			iif(inpart(%a,1), _pull_in_iif(%b*inpart(%a,2)), _pull_in_iif(%b*inpart(%a,3)))
		else
		(
			%a*%b
		)
	)
)$

exp_it_iif(%a,%b):=
block(
	[inflag:true],
	if not mapatom(%b) and op(%b) = 'iif then
		iif(inpart(%b,1), _pull_in_iif(%a^inpart(%b,2)), _pull_in_iif(%a^inpart(%b,3)))
	else
	(
		if not mapatom(%a) and op(%a) = 'iif then
			iif(inpart(%a,1), _pull_in_iif(inpart(%a,2)^%b), _pull_in_iif(inpart(%a,3)^%b))
		else
		(
			%a^%b
		)
	)
)$

if2iif(__e) := block(
	[opsubst : true, inflag:true],
	subst('%if =
		lambda(
			[__s,__a,__b],
			block
			(
				[_p:safe_op(__s),_q:safe_op(inpart(__s,1)),_r:safe_op(inpart(__s,2)),
				_a:rhs(inpart(__s,1)), _b:rhs(inpart(__s,2)), _x:lhs(inpart(__s,1)), _x1:lhs(inpart(__s,1)), _x2:lhs(inpart(__s,2))],
				if member(safe_op(__s), [">", ">=", "<", "<=", 'equal, 'notequal]) then
				(
					simp_iif(iif(__s, __a, __b))
				)
				elseif apply(_p, [true,false,false]) = true
					and apply(_p, [false, false, false]) = false and _q = "=" and _r = ">" and _x2 = _x1 and length(args(__s)) = 2 then
				(
						simp_iif(iif(_x >= _a, __a, __b))
				)
				elseif apply(_p, [true,false,false]) = true
					and apply(_p, [false, false, false]) = false and _q = ">" and _r = "=" and _x1 = _x2 and length(args(__s)) = 2 then
				(
					simp_iif(iif(_x >= _a, __a, __b))
				)
				elseif apply(_p, [true,true,true]) = true and apply(_p, [false, true, true]) = false
					and member(_q,   [">", ">=", "<", "<="]) and member(_r , [">", ">=", "<", "<="]) and _x1 = _x2 and length(args(__s)) = 2 then
				(
					simp_iif(iif(apply(_q, [_x, _a]), iif(apply(_r, [_x, _b]), __a, __b), __b))
				)
				else
					%if(__s, __a, __b)
			)
		),
	__e)
)$

signum2abs2(__e):=
block(
	[__l],
	__e : simpsignum(__e),
	__l : flatten(gatherargs(__e,'signum)),
	for lk in __l do (
		__e : ratsubst(abs(lk), lk*signum(lk),__e)),
  __e
)$

between2if(__e):=
block(
	[opsubst : true, inflag : true],
	subst('between =
		lambda([__x,__a,__b,__o],
		[_a],
		if __o = 'lclosed  then /* okay */
			%if(__x>=__a and __x<__b, 1, 0)
		elseif __o = 'closed then /* okay */
			%if(__x>=__a and __x<=__b, 1, 0)
		elseif __o = 'rclosed then /* okay */
			%if(__x>__a and __x<=__b, 1, 0)
		elseif __o = 'open then /* okay */
			%if(__x>__a and __x<__b, 1, 0)
		elseif __o = 'halfopen then /* okay */
			%if(__x>__a, %if(__x<__b, 1, %if(__x = __b, 1/2, 0)), %if(__x = __a, %if(__b>__a, 1/2, 0), 0))
		else /* okay */
			%if(__x>__a, %if(__x<__b, 1, %if(__x = __b, 1/2, 0)), %if(__x = __a, %if(__b>__a, 1/2, 0), 0))
		),
		__e)
)$

between2iif(__e):=
block(
	[opsubst : true, inflag : true],
	subst('between =
		lambda([__x,__a,__b,__o],
		[_a],
		if __o = 'lclosed  then /* okay */
			iif(__x>=__a, iif(__x<__b, 1, 0), 0)
		elseif __o = 'closed then /* okay */
			iif(__x>=__a, iif(__x<=__b, 1, 0), 0)
		elseif __o = 'rclosed then /* okay */
			iif(__x>__a, iif(__x<=__b, 1, 0), 0)
		elseif __o = 'open then /* okay */
			iif(__x>__a, iif(__x<__b, 1, 0), 0)
		elseif __o = 'halfopen then /* okay */
			iif(__x>__a, iif(__x<__b, 1, iif(equal(__x,__b), 1/2, 0)), iif(equal(__x,__a), iif(__b>__a, 1/2, 0), 0))
		else /* okay */
			iif(__x>__a, iif(__x<__b, 1, iif(equal(__x,__b), 1/2, 0)), iif(equal(__x,__a), iif(__b>__a, 1/2, 0), 0))
		),
		__e)
)$

unitpulse2between(__e):=block([opsubst : true], subst('unit_pulse = lambda([_s], between(_s,0,1)), __e))$
if2ifthen(__e) := block([opsubst : true], subst('%if = lambda([_cnd, __a, __b], if _cnd then __a else __b), __e))$
iif2ifthen(__e) := block([opsubst : true], subst('iif = lambda([_cnd, __a, __b], if _cnd then __a else __b), __e))$
unitspike2if(__e) := block([opsubst : true], subst('unit_spike = lambda([__s], %if(equal(__s,0), 1, 0)), __e))$
unitspike2iif(__e) := block([opsubst : true], subst('unit_spike = lambda([__s], iif(equal(__s,0), 1, 0)), __e))$
signum2if(__e) := block([opsubst : true, inflag : true], subst('signum = lambda([__s], %if(__s > 0, 1, %if(__s < 0, -1, 0))), __e))$
signum2iif(__e) := block([opsubst : true, inflag : true], subst('signum = lambda([__s], iif(__s > 0, 1, iif(__s < 0, -1, 0))), __e))$
abs2iif(__e) := block([opsubst : true, inflag : true], subst('abs = lambda([__s], %if(__s > 0, __s, -__s)), __e))$
abs2iif(__e) := block([opsubst : true, inflag : true], subst('abs = lambda([__s], iif(__s > 0, __s, -__s)), __e))$
unitstep2if(__e) := block([opsubst : true], subst('unit_step = lambda([__s], %if(__s > 0, 1, 0)), __e))$
unitstep2iif(__e) := block([opsubst : true], subst('unit_step = lambda([__s], iif(__s > 0, 1, 0)), __e))$
charfun2between(_e):= block([opsubst:true], subst('charfun2 = lambda([__x,__a,__b], between(__x,__a,__b, 'lclosed)), _e))$
charfun2sum(_e):= block([opsubst:true], subst('charfun2 = lambda([__x,__a,__b], iif2sum(between2iif(between(__x,__a,__b, 'lclosed)))), _e))$
unitspike2unitstep(__e) := block([opsubst : true], subst('unit_spike = lambda([__s], -unit_step (__s)+2*unit_step(-__s)*unit_step(__s)-unit_step(-__s)+1), __e))$
unitpulse2unitstep(__e) := block([opsubst : true], subst('unit_pulse = lambda([__s], (unit_step(__s)-unit_step(-__s)-unit_step(__s-1)+unit_step(1-__s))/2), __e))$
abs2unitstep(__e) := block([opsubst : true], subst('abs = lambda([__s], __s * unit_step(__s) - __s * unit_step(-__s)), __e))$
signum2unitstep(__e) := block([opsubst : true], subst('signum = lambda([__s], (unit_step(__s)-unit_step(-__s))), __e))$
unitpulse2signum(__e) := block([opsubst : true], subst('unit_pulse = lambda([__s], (signum(__s) - signum(__s - 1))/2), __e))$
abs2signum(__e) := block([opsubst : true], subst('abs = lambda([__s], __s * signum(__s)), __e));
unitspike2signum(__e) := block([opsubst : true], subst('unit_spike = lambda([__s], 1-signum(__s)^2), __e))$
unitstep2signum(__e) := block([opsubst : true], subst('unit_step = lambda([__s], (signum(__s)+1-unit_spike(__s))/2), __e))$
unitspike2signum(__e) := block([opsubst : true], subst('unit_spike = lambda([__s], 1-signum(__s)^2), __e))$
iif2if(__e) := block([opsubst : true], subst('iif = lambda([_cnd, __a, __b], %if(_cnd, __a , __b)), __e))$
if2iif(__e) := block([opsubst : true], subst('%if = lambda([_cnd, __a, __b], iif(_cnd, __a , __b)), __e))$
hstep2signum(__e):=block([opsubst : true], subst('hstep = lambda([_s], (1+signum(_s))/2), __e))$
signum2hstep(__e):=block([opsubst : true], subst('signum = lambda([_s], 2*hstep(_s)-1), __e))$


ifthen2if(__e):=block(
	[opsubst:true],
	subst("if"=lambda
	([[_v]],
	restofif(_v))
	,__e)
);

restofif(__l) := block(
	[_retval:0],
	if length(__l) # 0 and __l[1] # true then
		%if(__l[1], __l[2], restofif(rest(__l, 2)))
	elseif __l[1] = true then
		__l[2]
);


ifthen2iif(__e):=block(
	[opsubst:true],
	subst("if"=lambda
	([[_v]],
	restofiif(_v))
	,__e)
);

restofiif(__l) := block(
	[_retval:0],
	if length(__l) # 0 and __l[1] # true then
		iif(__l[1], __l[2], restofiif(rest(__l, 2)))
	elseif __l[1] = true then
		__l[2]
);


bffind_root(__expr, __f, __x, __low, __high, __digits):=
block
(
	[fpprec:fpprec+__digits+20, _side, _fb, _ft, _fn, _b, _t, _n, _retval:'unknown, _theaccuracy:10^-__digits],
	_b : bfloat(__low),
	_t : bfloat(__high),
    _fb : at(__expr,__x=_b),
    _ft : at(__expr,__x=_t),
	_fb : apply('ev, flatten(append([_fb], [__f]))),
	_ft : apply('ev, flatten(append([_ft], [__f]))),
	if sign(_ft) = sign(_fb) then
		print("Expression must not have same sign at both endpoints")
	else
	(
		_side : 0,  /* Falsi method */
		for i : 1 thru 10000 do (
			_n : (_fb*_t - _ft*_b) / (_fb - _ft),
			if (abs(_t-_b) < _theaccuracy * abs(_t+_b)) then
			(
				i : 10^6,
				fpprec:__digits,
				_retval : bfloat(_n)
			)
			else
			(
				_fn : at(__expr,__x=_n),
				_fn : apply('ev, flatten(append([_fn], [__f]))),
				if (_fn * _ft > 0) then
				(
				  _t : _n,
				  _ft : _fn,
				  if (_side = -1) then _fb : _fb / 2,
				  _side : -1
				)
				elseif (_fb * _fn > 0) then
				(
				  _b : _n,
				  _fb : _fn,
				  if (_side = 1) then _ft : _ft / 2,
				  _side : 1
				)
				else
				(
					i : 10^6,
					fpprec:__digits,
					_retval : bfloat(_n)
				)
			)
		)
	),
	_retval
)$

countvars(__e):=
block
(
	[inflag : true, _vars:[], _undupedvars:[],_retvals:[], _cnt, _i, _j],
	scanatoms(block([__z], lambda([__z], if not numberp(__z) and not member(__z, [%pi,%phi,%e,%i,'inf,'minf]) then _vars:cons(__z, _vars))), __e),
	_undupedvars:listify(setify(_vars)),
	for _i in _undupedvars do
	(
		_cnt : 0,
		for _j in _vars do
		(
			if is(_i=_j)=true then
			(
				_cnt : _cnt+1
			)
		),
		_retvals:cons([_i,_cnt],_retvals)
	),
	_retvals:sort(_retvals, lambda([__z1,__z2], if is(second(__z1) < second(__z2))=true then true else false))
)$


scanatoms(__f, __e):=
block(
	[inflag : true, _retval : true, _p, _done],
	if safe_op(__e) # false then
	(
		for _p in __e do (
			scanatoms(__f, _p)
		)
	)
	elseif safe_op(__e) # false and length(args(__e)) > 0 then
	(
		for _p in args(__e) do (
			scanatoms(__f, _p)
		)
	)
	elseif mapatom(__e) then
	(
		apply(__f,[__e])
	)
	else
	(
		apply(__f,[__e])
	),
	_done
)$

scanex(__f,__e):=
block
(
	[inflag : true, _p],
	if safe_op(__e) # false then  /* _p is an op() */
	(
		apply(__f, [__e]),
		for _p in __e do (
			if safe_op(_p) # false then  /* _p is an op() */
			(
				scanex(__f, _p),
				apply(__f, [_p])
			)
			else
				apply(__f, [_p])

		)
	)
	else
		apply(__f, [_p])

)$


max2iif(__e):=
block
(
	[inflag:true, opsubst:true, _retval : 0],
	_retval :
	subst('max = lambda([[_z]], apply('_listiifs1, _z)), __e)
)$

_listiifs1([_z]):=
block
(
	[inflag:true, opsubst:true, _len:length(_z), _iifs:[], _retval : 0],
	if length(_z) > 1 then
		_retval : simp_iif(iif(first(_z) > second(_z), apply('_listiifs1, list_remove(_z, 2, 1)), apply('_listiifs1, rest(_z))))
	else
		first(_z)
)$

min2iif(__e):=
block
(
	[inflag:true, opsubst:true, _retval : 0],
	_retval :
	subst('min = lambda([[_z]], apply('_listiifs2, _z)), __e)
)$

_listiifs2([_z]):=
block
(
	[inflag:true, opsubst:true, _len:length(_z), _iifs:[], _retval : 0],
	if length(_z) > 1 then
		_retval : simp_iif(iif(first(_z) < second(_z), apply('_listiifs2, list_remove(_z, 2, 1)), apply('_listiifs2, rest(_z))))
	else
		first(_z)
)$

maxmin2iif(__e):=max2iif(min2iif(__e));
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15.2 Courbe de la fonction étudiée

(%i7) wxplot2d([g(t), f(t)], [t,a-b,3*b-2*a])$

(%t7)

15.3 Calcul des coefficients de Fourier

15.3.1 Calcul de la moyenne sur une période : a_0

(%i8) a0:1/T*integrate(g(t),t,a,b);

(%o8) 0

15.3.2 Calcul des coefficients a_n et b_n

(%i9) (declare(n,integer), n>0);

(%o9) n > 0

(%i10) an:2/T*integrate(g(t)*cos(n*%omega*t),t,a,b);
define(a(n),an);

(%o10) 0

(%o11) a (n) := 0

(%i12) bn:2/T*integrate(g(t)*sin(n*%omega*t),t,a,b);
define(b(n),bn);

(%o12) − 2 (−1)
n

n

(%o13) b (n) := −2 (−1)
n

n

N désigne le nombre de termes affichés. La fonction makelist permet de créer la liste des entiers
de 1 à N et map permet de caculer les images par la fonction a (ou b) des nombres de la liste
précédente.
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(%i14) N:4$
map(’a, makelist(i,i,1,N));
map(’b, makelist(i,i,1,N));

(%o15) [0, 0, 0, 0]

(%o16) [2,−1,
2

3
,−1

2
]

15.4 Somme de Fourier partielle

On désigne par N le nombre de termes de la somme de série de Fourier partielle :

(%i17) Sf(t,N):=a0+sum(a(n)*cos(n*%omega*t)+b(n)*sin(n*%omega*t), n, 1, N);

(%o17) Sf (t,N) := a0 +
N∑
n=1

a (n) cos (nω t) + b (n) sin (nω t)

(%i18) wxplot2d([f(t),Sf(t,4)], [t,a-b,3*b-2*a])$

(%t18)

(%i19) wxplot2d([f(t),Sf(t,30)], [t,a-b,3*b-2*a])$

(%t19)

15.5 Spectre

Le spectre de f est donné par la suite (An), où An =
√
a2n + b2n, pour n ≥ 1.
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(%i20) define(A(n), sqrt(a(n)^2+b(n)^2));

(%o20) A (n) :=
2

|n|

15.6 Valeur efficace et formule de Parseval

La valeur efficace est donnée par : f2eff =
1

T

∫ T+a

a

f2(t)4dt.

La formule de Parseval est : f2eff = a20 +
1

2

+∞∑
n=1

(a2n + b2n).

La valeur efficace est approchée par : P (N) = a20 +
1

2

N∑
n=1

(a2n + b2n).

(%i21) P(N):=a0^2+1/2*sum(a(n)^2+b(n)^2, n, 1, N);

(%o21) P (N) := a02 +
1

2

N∑
n=1

a (n)
2

+ b (n)
2

(%i22) N:10;
for n:1 thru N step 1 do print("P(",n,")=", float(P(n)), " ; ");

(%o22) 10P (1) = 2.0;P (2) = 2.5;P (3) = 2.722222222222222;P (4) = 2.847222222222222;P (5) =
2.927222222222222;P (6) = 2.982777777777778;P (7) = 3.02359410430839;P (8) = 3.05484410430839;P (9) =
3.079535462333082;P (10) = 3.099535462333082;

(%o23) done

(%i24) Peff:float(1/T*integrate(f(t)**2,t,a,b));

(%o24) 3.289868133696452

Erreur relative

(%i25) for n:1 thru N step 1 do print("err(",n,")=", float((Peff-P(n))/Peff), " ; ");

err(1) = 0.39207289814597; err(2) = 0.24009112268247; err(3) = 0.17254366692091; err(4) =
0.13454822305503; err(5) = 0.11023113898087; err(6) = 0.093344275040481; err(7) = 0.080937599492439; err(8) =
0.07143873852597; err(9) = 0.063933465663575; err(10) = 0.057854194645034;

(%o25) done

15.7 Utilisation du package piecewise

Package à utiliser pour les fonctions définie par morceaux sur une période.

(%i26) kill(all);

(%o0) done

(%i1) load("maxima-BTS_V_1/pw.mac");

(%o1) maxima−BTS_V_1/pw.mac
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On suppose que la fonction g est donnée sur les intervalles \left[a_1; b_1\right], \ldtos, \left[a_r; b_r\right]
par les expressions g_1(x), \ldots, g_r(x). Dans Maxima et avec la bibliothèque pw, on peut définir
la fonction g directement par :

define(g(t), piecewise([a_1, g_1(t), b_1, a_2, g_2(t), b_2, \ldots, a_r, g_r(t), b_r,],t)) ;

(%i2) a:0;
b:4*%pi;
T:b-a;
%omega:2*%pi/T;
define(g(t), piecewise([a, %pi-t, %pi, 0, b/2, 1, b],t));
f(t):=g(t-(b-a)*floor((t-a)/(b-a)));
wxplot2d([f(t)], [t,a-b,3*b-2*a],[y,-0.5,3.5])$

(%o2) 0

(%o3) 4π

(%o4) 4π

(%o5)
1

2

(%o6) g (t) :=
(π − t) (signum (t)− signum (t− π))

2
+

signum (t− 2π)− signum (t− 4π)

2

(%o7) f (t) := g

(
t− (b− a) floor

(
t− a
b− a

))

(%t8)

La fonction pwint est la fonction integrate utilisable sur les fonctions définies par pw, c’est l’intégrale
d’une fonction définie par morceaux.

(%i9) a0:radcan(1/T*pwint(g(t), t, a, b));

(%o9)
π + 4

8

(%i10) declare(n, integer);
assume(n>0);

(%o10) done

(%o11) [n > 0]

La fonction radcan, sert à simplifier l’expression obtenue (simplification canonique).

(%i12) an:radcan(2/T*pwint(g(t)*cos(n*%omega*t), t, a, b));
define(a(n),an);

(%o12) −
2 cos

(
π n
2

)
− 2

π n2
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(%o13) a (n) := −
2 cos

(
π n
2

)
− 2

π n2

(%i14) bn:radcan(2/T*pwint(g(t)*sin(n*%omega*t), t, a, b));
define(b(n),bn);

(%o14) −
2 sin

(
π n
2

)
− n (−1)

n
+ (1− π) n

π n2

(%o15) b (n) := −
2 sin

(
π n
2

)
− n (−1)

n
+ (1− π) n

π n2

(%i16) N:4$
map(’a, makelist(i,i,1,N));
map(’b, makelist(i,i,1,N));

(%o17) [
2

π
,

1

π
,

2

9π
, 0]

(%o18) [−4− π
π

,−2 (1− π)− 2

4π
,−3 (1− π) + 1

9π
,−4 (1− π)− 4

16π
]

(%i19) Sf(t,N):=a0+sum(a(n)*cos(n*%omega*t)+b(n)*sin(n*%omega*t), n, 1, N);

(%o19) Sf (t,N) := a0 +

N∑
n=1

a (n) cos (nω t) + b (n) sin (nω t)

(%i20) wxplot2d([f(t),Sf(t,5)], [t,a-b,3*b-2*a])$

(%t20)

(%i21) wxplot2d([f(t),Sf(t,30)], [t,a-b,3*b-2*a])$

(%t21)
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Transformée de Laplace

16.1 Définition de l’échelon unité

Échelon unité : v(t) = 0 si t < 0 et 1 si t > 0 ;

Dans Maxima c’est la fonction u suivante qui est définie : u(t) = 0 si t <= 0 et 1 si t > 0 ;

Dans la pratique en mathématiques, c’est la fonction v que l’on utilise mais avec maxima c’est avec
la fonction u que cela fonctionne correctement !

(%i1) u(t):=unit_step(t);
u(-1);
u(0);
u(1);

(%o1) u (t) := unit_step (t)

(%o2) 0

(%o3) 0

(%o4) 1

La fonction v peut être définie de la façon suivante :

(%i5) v(t):=unit_step(t)+kron_delta(t,0);
v(-1);
v(0);
v(1);

(%o5) v (t) := unit_step (t) + kron_delta (t, 0)

(%o6) 0

(%o7) 1

(%o8) 1

Les calculs sur la transformée de Laplace ne changent pas quel que soit le choix d’une des deux
définitions précédentes.

16.2 Calculs de transformées de Laplace

Menu/Calculs/Transformée de Laplace...

103
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(%i9) laplace(u(t), t, p);

(%o9)
1

p

(%i10) laplace(t*u(t), t, p);

(%o10)
1

p2

Ci-dessous, Γ(n+ 1) désigne n!.

(%i11) laplace(t^n*u(t), t, p);

Isn+ 1positive, negative, orzero?positive;

(%o11) γ (n+ 1) p−n−1

Retard u(t− 1)

(%i12) laplace(u(t-tau), t, p);

(%o12)
e−p τ

p

Exponentielle

(%i13) laplace(exp(-a*t), t, p);

(%o13)
1

p+ a

Fonctions trigonométriques

(%i14) laplace(cos(omega*t)*u(t), t, p);

(%o14)
p

p2 + ω2

(%i15) laplace(sin(omega*t)*u(t), t, p);

(%o15)
ω

p2 + ω2

Propriétés : les deux premières ne sont par reconnues...

(%i16) laplace(f(alpha*t)*u(alpha*t), t, p);

(%o16) laplace (f (α t) unit_step (α t) , t, p)

(%i17) laplace(f(t-tau), t, p);

(%o17) laplace (f (t− τ) , t, p)

(%i18) laplace(exp(-a*t)*f(t), t, p);

Isp+ apositive, negative, orzero?positive;

(%o18) laplace (f (t) , t, p)|p=p+a

(%i19) laplace(diff(f(t), t),t,p);

(%o19) p laplace (f (t) , t, p)− f (0)
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(%i20) laplace(diff(f(t), t, 2),t,p);

(%o20) − d

d t
f (t)

∣∣∣∣
t=0

+ p2 laplace (f (t) , t, p)− f (0) p

(%i21) laplace(-t*f(t), t, p);

(%o21)
d

d p
laplace (f (t) , t, p)

(%i22) laplace(integrate(f(s), s, 0, t), t, p);

(%o22)
laplace (f (t) , t, p)

p

16.3 Calculs de transformées inverse de Laplace

Menu/Calculs/Transformée inverse de Laplace... Attention, il faut multiplier les résultats par u(t).

(%i23) ilt(1/p, p, t);

(%o23) 1

Si le dénominateur est du second degré avec un discriminant strictement positif :

(%i24) ilt((p+1)/(p^2+4*p-1), p, t);

(%o24) e−2 t
(

cosh
(√

5 t
)
−

sinh
(√

5 t
)

√
5

)
Des fonctions trigonométriques hyperboliques ! Pour éviter cela, on utilise exponentialize :

(%i25) exponentialize(ilt((p+1)/(p^2+4*p-1), p, t));

(%o25) e−2 t
(
e
√
5 t + e−

√
5 t

2
− e
√
5 t − e−

√
5 t

2
√

5

)
On peut aussi développer !

(%i26) expand(exponentialize(ilt((p+1)/(p^2+4*p-1), p, t)));

(%o26) − e
√
5 t−2 t

2
√

5
+
e
√
5 t−2 t

2
+
e−
√
5 t−2 t

2
√

5
+
e−
√
5 t−2 t

2

Si le dénominateur est du second degré avec un discriminant nul :

(%i27) ilt((p+1)/(p^2+2*p+1), p, t);

(%o27) e−t

Rien à modifier ! Si le dénominateur est du second degré avec un discriminant strictement négatif :

(%i28) ilt((p+1)/(p^2+p+1), p, t);

(%o28) e−
t
2

 sin
(√

3 t
2

)
√

3
+ cos

(√
3 t

2

)
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Attention : "ilt" (inverse laplace transform) ne fonctionne que pour les fonctions rationnelles pour
lesquelles le dénominateur est factorisable en produits de facteurs linéaires et quadratiques (dont
on sait caluler la valeur exacte des racines). Cela pose des problèmes si l’on veut travailler avec des
retards. Il faut dans ce cas utiliser un autre logiciel ou trouver une autre solution !

16.4 Résolutions d’équations différentielles avec la transfor-
mée de Laplace

– Résolution directe : Menu/Equations/Résoudre une équation différentielle avec Laplace...

(%i29) desolve([’diff(y(t), t, 2) + 5*’diff(y(t), t) + 4*y(t) = u(t)],[y(t)]);

(%o29) y (t) = −
e−4 t

(
4
(
d
d t y (t)

∣∣
t=0

)
+ 4 y (0)− 1

)
12

+
e−t

(
d
d t y (t)

∣∣
t=0

+ 4 y (0)− 1
)

3
+

1

4

Contrairement à ode2 les paramètres restants sont les valeurs de y(0) et y’(0) et non les deux réels
quelconques notés %k1 et %k2 dans maxima. Pour faciliter la lecture des résultats on pose les
conditions initiales f(0) = y0 et f’(0) = yp0 :

(%i30) atvalue(y(t), t=0, y0);
atvalue(’diff(y(t), t), t= 0, yp0);

(%o30) y0

(%o31) yp0

On affiche le changement :

(%i32) ’’%i19;

(%o32) p laplace (f (t) , t, p)− f (0)

On développe :

(%i33) expand(%o22);

(%o33)
laplace (f (t) , t, p)

p

Avec les conditions initiales : y(0)=1 et y’(0)=2 :

(%i34) subst(1,y0,%o23);

(%o34) 1

(%i35) subst(2,yp0,%o24);

(%o35) e−2 t
(

cosh
(√

5 t
)
−

sinh
(√

5 t
)

√
5

)
– Par étapes :

(%i36) equation: ’diff(y(t), t, 2) + 5*’diff(y(t), t) + 4*y(t) = u(t);

(%o36)
d2

d t2
y (t) + 5

(
d

d t
y (t)

)
+ 4 y (t) = unit_step (t)
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(%i37) equationtransformee:laplace(equation,t,p);

(%o37) −yp0−p y0+5 (p laplace (y (t) , t, p)− y0)+p2 laplace (y (t) , t, p)+4 laplace (y (t) , t, p) =
1

p

On impose des conditions initiales :

(%i38) atvalue(y(t), t=0, 1);
atvalue(’diff(y(t), t), t= 0, 2);
equationtransformee:laplace(equation,t,p);

(%o38) 1

(%o39) 2

(%o40) 5 (p laplace (y (t) , t, p)− 1) + p2 laplace (y (t) , t, p) + 4 laplace (y (t) , t, p)− p− 2 =
1

p

On résout l’équation linéaire :

(%i41) equationsolution: solve(equationtransformee, ’laplace(y(t), t, p));

(%o41) [laplace (y (t) , t, p) =
p2 + 7 p+ 1

p3 + 5 p2 + 4 p
]

On donne directement l’original. Si map et lambda paraissent obscurs, on peut faire un copier
coller !

(%i42) map( lambda( [eq], ilt(eq, p, t)), equationsolution);

(%o42) [y (t) =
5 e−t

3
− 11 e−4 t

12
+

1

4
]

On peut aussi décomposer le calcul en passant par la décomposition en éléments simples.

(%i43) map( lambda( [expression], partfrac(expression, p)), equationsolution);

(%o43) [laplace (y (t) , t, p) = − 11

12 (p+ 4)
+

5

3 (p+ 1)
+

1

4 p
]

(%i44) map( lambda( [expression], ilt(expression, p, t)), %);

(%o44) [y (t) =
5 e−t

3
− 11 e−4 t

12
+

1

4
]

L’ordre des termes a été modifié !
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Chapitre 17

Transformée en z

Pour ce chapitre, il faut utiliser deux bibliothèques, pour les récupérer, cliquer deux fois sur les
liens ci-contre : lien 1 et lien 2 .

Enregistrez ces fichier dans le répertoire de votre choix et n’oubliez pas de donner le chemin complet
lord de l’utilisation :

load("C:/chemin-complet/z-transform.mac");

load("C:/chemin-complet/supplement-z-transform.mac");

17.1 Introduction

Définition des fonctions tz (transformée en z), tiz (transformée inverse en z) tiz retourne une liste,
les premiers termes sont donnés lorsqu’ils sont nuls, le dernier terme de la liste (disons d’ordre r
dans la liste) donne l’expression du signal discret en fonction de n pour n plus grand ou égal à r.
On peut obtenir ce terme générique directement avec la fonction tizgen. En utilisant la fonction
plotliste, on peut représenter le signal discret.

(%i1) load("z-transform.mac")$
load("supplement-z-transform.mac")$

17.2 Transformée en z

Des exemples :

Dirac (impulsion unité discrète) et sa trasformée

(%i3) dirac(n):=kron_delta(n,0)$
tz(dirac(n));

(%o4) 1

Dirac retardé de k et sa transformée

(%i5) d(n,k):=kron_delta(n,k)$
tz(d(n,k));

(%o6)
1

zk
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/* z-transform code
 * Copyright 2007 by Robert Dodier
 * I release this work under terms of GNU General Public License
 *
 * Summary. Z-transforms for various special cases are implemented as
 * pattern-matching rules. Given an expression like z_transform(foo(n, z), n, z),
 * for most rules it's necessary to have the variables n and z in hand before
 * looking at foo(n, z). However, the Maxima pattern matcher does not have
 * backtracking, so one rule (r0 below) captures n and z, then all other
 * rules are applied.
 */

put ('z_transform, true, 'present);

apply_z_transform (e) := apply1 (e, r0);

matchdeclare ([nn, zz], symbolp);
matchdeclare (aa, all);

defrule (r0,
    z_transform (aa, nn, zz),
    block ([nn% : nn, zz% : zz],
        apply1
           (z_transform (aa, nn, zz),
            r913_1a, r913_1b, r913_2a, r913_2b, r913_3a, r913_3b,
            r913_4, r913_5, r913_6, r913_7, r913_10, r913_12, r914_4,
            r914_6, /* r914_9, */ r914_10, r914_11a, r914_11b, r914_12,
            r914_13, r914_14, r914_15a, r914_16)));

/* Some specific transforms.
 * Table 9.1.3 at: http://math.fullerton.edu/mathews/c2003/ZTransformIntroMod.html
 */

/* (1) delta[n] --> 1
 * (have to try kron_delta both ways ... sigh)
 */

simp : false;

defrule (r913_1a,
    z_transform (kron_delta (nn%, aa), nn%, zz%),
    zz^(- aa));

defrule (r913_1b,
    z_transform (kron_delta (aa, nn%), nn%, zz%),
    zz^(- aa));

simp : true;

/* (2) u[n] --> z/(z - 1) */

defrule (r913_2a,
    z_transform (1, nn%, zz%),
    zz/(zz - 1));

defrule (r913_2b,
    z_transform (unit_step (nn%), nn%, zz%),
    zz/(zz - 1));

/* (3) b^n --> z/(z - b) */

matchdeclare (bb, freeof (nn%, zz%));

defrule (r913_3a,
    z_transform (bb^nn%, nn%, zz%),
    zz/(zz - bb));

defrule (r913_3b,
    z_transform (1/(bb^nn%), nn%, zz%),
    zz/(zz - 1/bb));

/* (4) b^(n - 1) * u[n - 1] --> 1/(z - b) */

defrule (r913_4,
    z_transform (bb^(nn% - 1) * unit_step (nn% - 1), nn%, zz%),
    1 / (zz - bb));

/* (5) e^(a*n) --> z/(z - e^a) */

matchdeclare (aa, lambda ([e], e # 0 and freeof (nn%, zz%, e)));

defrule (r913_5,
    z_transform (exp (aa * nn%), nn%, zz%),
    zz / (zz - exp (aa)));

/* (6) n --> z/(z - 1)^2 */

defrule (r913_6,
    z_transform (nn%, nn%, zz%),
    zz / (zz - 1)^2);

/* (7) n^2 --> z*(z + 1)/(z - 1)^3 */

defrule (r913_7,
    z_transform (nn%^2, nn%, zz%),
    zz*(zz + 1) / (zz - 1)^3);

/* (8) b^n*n --> b*z/(z - b)^2
 * via (6) + frequency scaling
 */

/* (9) e^(a*n)*n --> z*e^a/(z - e^a)^2
 * via (6) + complex translation
 */

/* (10) sin(a*n) --> sin(a)*z/(z^2 - 2*cos(a)*z + 1) */

defrule (r913_10,
    z_transform (sin (aa*nn%), nn%, zz%),
    sin(aa)*zz / (zz^2 - 2*cos(aa)*zz + 1));

/* (11) b^n*sin(a*n) --> sin(a)*b*z/(z^2 - 2*cos(a)*b*z + b^2)
 * via (10) + frequency scaling
 */

/* (12) cos(a*n) --> z*(z - cos(a))/(z^2 - 2*cos(a)*z + 1) */

defrule (r913_12,
    z_transform (cos (aa*nn%), nn%, zz%),
    zz*(zz - cos(aa)) / (zz^2 - 2*cos(aa)*zz + 1));

/* (13) b^n*cos(a*n) --> z*(z - b*cos(a))/(z^2 - 2*cos(a)*b*z + b^2)
 * via (11) + frequency scaling
 */


/* General properties.
 * Table 9.1.4 at: http://math.fullerton.edu/mathews/c2003/ZTransformIntroMod.html
 */

/* (4) u[n - m] --> z^(1 - m)/(z - 1)
 * (delayed unit step)
 */

matchdeclare ([aa, mm], all);

defrule (r914_4,
    z_transform (unit_step (nn% - mm), nn%, zz%),
    zz^(1 - mm) / (zz - 1));
    
/* (5) x[n - 1]*u[n - 1] --> (1/z)*X(z)
 * via (6) w/ m = 1
 */

/* (6) x[n - m]*u[n - m] --> z^(-m)*X(z)
 * (time delayed shift)
 */

defrule (r914_6,
    z_transform (aa * unit_step (nn% - mm), nn%, zz%),
    zz^(-mm) * z_transform (subst (nn + mm, nn, aa), nn, zz));

/* (7) x[n + 1] --> z*(X(z) - x[0])
 * (8) x[n + 2] --> z^2*(X(z) - x[0] - x[1]*z^(-1))
 * via (9) w/ m = 1 and m = 2 respectively
 */

/* (9) x[n + m] --> z^m*(X(z) - sum(x[i]*z^(-i), i, 0, m - 1))
 * (time forward)
 */

/* HMM, NOT SURE HOW TO DO (9) ... FOLLOWING STUFF IS BROKEN */

matchdeclare (mm, lambda ([e], integerp(e) and e > 0));
defmatch (n_plus_m, nn% + mm);


matchdeclare (xxnpm, lambda ([e], n_plus_m (e) # false));


defrule (r914_9,
   z_transform (aa * unit_step (nn% + mm), nn%, zz%),
   zz^(mm+1) * (z_transform (subst (nn - mm, nn, ss), nn, zz)-1)
   );

 
/* (10) e^(a*n)*x[n] --> X(z*e^(-a))
 * (complex translation)
 */

matchdeclare (nz, lambda ([e], e # 0 and freeof (nn%, zz%, e)));

defrule (r914_10,
    z_transform (exp (nz * nn%) * bb, nn%, zz%),
    'subst (zz/exp(nz), zz, z_transform (bb, nn, zz)));

/* (11) b^n*x[n] --> X(z/b)
 * (frequency scaling)
 */

matchdeclare (xx, all);
matchdeclare (bb, freeof (nn%, zz%));

defrule (r914_11a,
    z_transform (bb^nn% * xx, nn%, zz%),
    'subst (zz/bb, zz, z_transform (xx, nn, zz)));

defrule (r914_11b,
    z_transform (1/(bb^nn%) * xx, nn%, zz%),
    'subst (zz*bb, zz, z_transform (xx, nn, zz)));

/* (12) n*x[n] --> -z X'(z)
 * (differentiation)
 */

matchdeclare (aa, all);
matchdeclare (kk, lambda ([e], integerp(e) and e > 0));

defrule (r914_12,
    z_transform (aa*nn%^kk, nn%, zz%),
    block ([ee : - zz * 'diff (z_transform (aa, nn, zz), zz)],
        for i:2 thru kk do ee : - zz * 'diff (ee, zz), ee));

/* (13) (1/n)*x[n] --> - \int X(z)/z dz
 * (integration)
 */

matchdeclare (uu, lambda ([e], not atom(e) and op(e) = "/" and member (nn%, second(e))));

defrule (r914_13,
    z_transform (uu, nn%, zz%),
    'integrate (zz^-1 * z_transform (aa, nn, zz), zz));

/* (14) 1/(n + m)*x[n] --> - z^(-m) * \int X(z)/z^(m + 1) dz
 * (integration shift)
 */

matchdeclare (mm, lambda ([e], integerp(e) and e > 0));

defrule (r914_14,
    z_transform (aa/(nn% + mm), nn%, zz%),
    - zz^(-mm) * 'integrate (z^-(mm + 1) * z_transform (aa, nn, zz), zz));

/* (15) x[n] (star) y[n] = \sum_{i=0}^n x[i]*y[n - i] --> X(z)*Y(z)
 * (discrete time convolution)
 */

matchdeclare (cc, lambda ([e], not atom(e) and op(e) = 'convolution));

defrule (r914_15a,
    z_transform (cc, nn%, zz%),
    block ([a : args(cc)], product (z_transform (a[i], nn, zz), i, 1 , length(a))));

/* ANOTHER RULE R914_15B FOR EXPLICIT 'SUM EXPRESSION WOULD BE NICE ... */

/* (16) \sum_{i=0}^n x[i] --> z/(z - 1)*X(z)
 * (convolution with y[n] = 1)
 */

matchdeclare (ii, symbolp);

simp : false;

defrule (r914_16,
    z_transform ('sum (aa, ii, 0, nn%), nn%, zz%),
    zz/(zz - 1) * z_transform (subst (nn, ii, aa), nn, zz));

simp : true;

/* ((17) & (18) -- not transform pairs) */

/* (put linearity declaration last, otherwise messes up rules) */

/* (1) addition
 * (2) constant multiple
 * (3) linearity
 */

declare (z_transform, linear);




allOpsPriv(expression, opList) :=
 block ( [x, args, newList],
        if atom(expression)
           then opList
           else
             (x:    op(expression),
              args: args(expression),
              newList: if member (x, opList)
                          then opList
                          else cons(x, opList),
              for arg in args do
                newList: allOpsPriv(arg, newList),
              newList
             ) 
        );

allOps(expression):=
 block( [ ],
        allOpsPriv (expression, [])
       );

isEquation(expression) := block( [ ],
if member ("=",allOps(expression))
    then true
    else false
	);


tz(f):=block([],
	if isEquation(f)
		then apply_z_transform(z_transform(lhs(f), n, z))=apply_z_transform(z_transform(rhs(f), n, z))
		else apply_z_transform(z_transform(f, n, z))
);

tizpole(f,polea,n)::=buildq ([f,n,z,polea], residue(f*z^(n-1),z,polea));

zeros(f)::=buildq ([f,z], block([],
Listesolve:solve(f,z),
Listezeros:[],
longueurListesolve:length(Listesolve),
for n:1 thru longueurListesolve step 1 do Listezeros:append(Listezeros,[rhs(Listesolve[n])]),
Listezeros
));

poles(f)::=buildq ([f,z], block([],
fp:diff(f,z),
Listea:zeros(f/fp),
Listeb:zeros(f),
longueurListea:length(Listea),
Liste:[],
for n:1 thru longueurListea step 1 do 
block([],
if member(Listea[n],Listeb)
then none
else Liste:append(Liste,[Listea[n]])
),
Liste
));

ordrepolezero(exprf)::=buildq ([exprf,z,exprfp,g], block([],
define(exprfp(z),diff(exprf,z)),
define(g(z),ratsimp(-exprfp(z)/exprf*z)),
g(0)
));

tizgen(f,n):=lsum(residue(f*z^(n-1),z,b),b,poles(f));

tiz(exprf)::=buildq ([exprf,z], block([],
k:max(ordrepolezero(exprf),0),
Liste:[limit(exprf,z,inf)],
for l:1 thru k step 1 do Liste:append(Liste,[tizgen(exprf,l)]),
Liste:append(Liste,[tizgen(exprf,n)]),
Liste
));

plotliste(liste, fin):=wxplot2d([discrete, makelist(k,k,0,fin),append(makelist(liste[k],k, 1,length(liste)-1),makelist(ev(liste[length(liste)],n=k),k,length(liste)-1,fin))],[style, points]);

tzliste(liste):=sum(liste[k]/(z^(k-1)),k,1, length(liste)-1)+1/z^(length(liste)-1)*apply_z_transform(z_transform(subst(n+length(liste)-1, n, liste[length(liste)]),n,z));
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Échelon unité discret

(%i7) u(n):=unit_step(n)$
tz(u(n));

(%o8)
z

z − 1

Rampe unité causale discrète : n

(%i9) tz(n*u(n));
factor(ev(’’(tz(n*u(n))),diff));
tz(n);

(%o9) − z
(
d

d z

z

z − 1

)
(%o10)

z

(z − 1)
2

(%o11)
z

(z − 1)
2

Carré

(%i12) tz(n^2*u(n));
factor(ev(’’(tz(n^2*u(n))),diff));
tz(n^2);

(%o12) − z
(
d

d z

(
−z

(
d

d z

z

z − 1

)))
(%o13)

z (z + 1)

(z − 1)
3

(%o14)
z (z + 1)

(z − 1)
3

Exponentiel

(%i15) tz(a^n*u(n));
factor(ev(’’(tz(a^n*u(n))),nouns));
tz(a^n);

(%o15) substitute

(
z

a
, z,

z

z − 1

)
(%o16)

z

z − a

(%o17)
z

z − a

(%i18) tz(b^(n-1)*u(n-1));

(%o18)
1

z − b

(%i19) tz(exp(a*n));

(%o19)
z

z − ea

Trigonométrie
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(%i20) tz(sin(a*n));
tz(cos(a*n));

(%o20)
sin (a) z

z2 − 2 cos (a) z + 1

(%o21)
z (z − cos (a))

z2 − 2 cos (a) z + 1

(%i22) factor(ev(’’(tz(b^n*cos(a*n))),nouns));
factor(ev(’’(tz(b^n*sin(a*n))),nouns));

(%o22)
z (z − cos (a) b)

z2 − 2 cos (a) b z + b2

(%o23)
sin (a) b z

z2 − 2 cos (a) b z + b2

Des propriétés Linéarité

(%i24) tz(lambda*x(n)+mu*y(n));

(%o24) z_transform (x (n) , n, z) lambda+ µ z_transform (y (n) , n, z)

Retard

(%i25) tz(x(n-2)*u(n-2));
y(n):=n^2*u(n);
factor(ev(’’(tz(y(n-2))),diff));

(%o25)
z_transform (x (n) , n, z)

z2

(%o26) y (n) := n2 u (n)

(%o27)
z + 1

(z − 1)
3
z

L’avance ne fonctionne pas encore !

(%i28) tz(x(n+3)*unit_step(n+3));
y(n):=n^2*u(n);
ev(’’(tz(y(n+2))), diff);
tz(expand((n+2)^2));

(%o28) z_transform (x (n) , n, z) z3

(%o29) y (n) := n2 u (n)

(%o30) − z3
(
−z

(
2 z

(z − 1)
3 −

2

(z − 1)
2

)
+

z

(z − 1)
2 −

1

z − 1

)

(%o31)
z (z + 1)

(z − 1)
3 +

4 z

z − 1
+

4 z

(z − 1)
2

Multiplication par a^n

(%i32) tz(a^n*x(n));
y(n):=n^2*u(n);
tz(a^n*y(n));
factor(ev(’’(tz(a^n*y(n))),nouns));

(%o32) substitute
(z
a
, z, z_transform (x (n) , n, z)

)
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(%o33) y (n) := n2 u (n)

(%o34) substitute

(
z

a
, z,−z

(
d

d z

(
−z

(
d

d z

z

z − 1

))))
(%o35)

a z (z + a)

(z − a)
3

17.3 Transformée en z inverse

Le premier terme donne la valeur du signal discret pour n=0. Le dernier terme est l’expression du
terme général du signal.

(%i36) tiz(z/(z-1));

(%o36) [1, 1]

(%i37) tiz(z/(z-1)^2);

(%o37) [0, n]

(%i38) tiz((z*(z+1))/(z-1)^3);

(%o38) [0, n2]

(%i39) tiz(z/(z-b));

(%o39) [1, bn]

(%i40) tiz(z/(z-%e^a));

(%o40) [1, ean]

(%i41) tiz(z^(6)/(z-1)^2);

(%o41) [∞, n+ 5]

(%i42) define(f(z),z^(-6)/(z-1)^2);
signal:tiz(f(z));
plotliste(signal,15);

(%o42) f (z) :=
1

(z − 1)
2
z6

(%o43) [0, 0, 0, 0, 0, 0, 0, n− 7]

(%t44)

(%o44)
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17.4 Transformée en z à partir d’une liste

(%i45) tzliste([1.1,1.2,1.3,1.4,1.5*n]);

(%o45)
1.5

(
4 z
z−1 + z

(z−1)2

)
z4

+
1.2

z
+

1.3

z2
+

1.4

z3
+ 1.1

(%i46) tzliste([0,0,n-2]);

(%o46)
1

(z − 1)
2
z

(%i47) factor(tzliste([n+1]));

(%o47)
z2

(z − 1)
2

17.5 Exemples d’utilisations

(%i48) tz(n^2+3*n+2);

(%o48)
z (z + 1)

(z − 1)
3 +

2 z

z − 1
+

3 z

(z − 1)
2

(%i49) factor(ev(’’(tz(n*2^n)),diff, nouns));

(%o49)
2 z

(z − 2)
2

(%i50) factor(tz(n-3));
factor(tzliste([0, 0, 0, n-3]));

(%o50) − z (3 z − 4)

(z − 1)
2

(%o51)
1

(z − 1)
2
z2

(%i52) factor(tz(expand((n+2)^2)));
factor(z^3*(z+1)/(z-1)^3-z);

(%o52)
z
(
4 z2 − 3 z + 1

)
(z − 1)

3

(%o53)
z
(
4 z2 − 3 z + 1

)
(z − 1)

3

(%i54) tiz(2*z/((z-1)*(z-3)));

(%o54) [0, 3n − 1]

(%i55) tiz(3/(z-2));

(%o55) [0, 3 2n−1]

(%i56) residue(3/(z*(z-2)),z,2);

(%o56)
3

2
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(%i57) tiz(z/(z-1));

(%o57) [1, 1]

(%i58) tiz(1/(z-1));

(%o58) [0, 1]

(%i59) tiz(1/(z^5*(z-1)));

(%o59) [0, 0, 0, 0, 0, 0, 1]

(%i60) residue(1/(z*(z-1)),z,1);

(%o60) 1

(%i61) tiz((2*z^2)/(11*z^2-21*z+10));

(%o61) [
2

11
, 2− 2 11−n−1 10n+1]

17.6 Résolution d’équations récurrentes avec la transformée
en z

(%i62) kill(x, y);

(%o62) done

(%i63) equation : 11*y(n)-10*y(n-1)*unit_step(n-1) = 2*unit_step(n);

(%o63) 11 y (n)− 10 unit_step (n− 1) y (n− 1) = 2 unit_step (n)

(%i64) equationtransformee:tz(equation);

(%o64) 11 z_transform (y (n) , n, z)− 10 z_transform (y (n) , n, z)

z
=

2 z

z − 1

(%i65) solve(equationtransformee, ’’tz(y(n)))[1];

(%o65) z_transform (y (n) , n, z) =
2 z2

11 z2 − 21 z + 10

(%i66) tiz(rhs(%));

(%o66) [
2

11
, 2− 2 11−n−1 10n+1]
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